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Abstract

The new energy inequality of mathematical analysis is established in this thesis, namely
the weighted reverse Poincare inequality for the difference of two semi convex functions
defined on a bounded open convex subset D of the Euclidean space R™. Based on this
inequality the device of the numerical computation of the gradient of unknown solution of
the nonlinear partial differential equation is developed, provided that the latter solution is
a semi convex function in the domain D. The Basic tools of this approach are fundamental
notions of convex analysis such as the convex envelope and the discrete convex envelope
of a given function. The numerical computation of the discrete convex envelope is carried
out by the fast and effective “Quick hull Algorithm for Convex Hulls” (QHULL for short).

The approach developed in this thesis is applied to the numerical computation of the
unknown solutions and their gradients of Hamilton—Jacobi equations, Scalar Conservation
Laws and the Monge—Ampere equation.

The central steps of the proposed device can be stated as follows. At first step cons-
truct some uniform approximation of the unknown solution of the partial differential
equation, say for example, through the classical finite difference method, further at the
second step construct the discrete convex envelope of the latter uniform approximation
and compute its gradient. Then the principal result of this thesis — the weighted reverse
Poincare inequality guarantees that the computed gradient will be the L2-approximation
to the gradient of the unknown solution of the partial differential equation.

For all three differential equations corresponding test examples are considered and
the errors of the uniform approximation of the exact solution and the errors of the L?-
approximation of the exact gradient are calculated.

The computer visualization of approximate and exact solutions and their corresponding
gradients are also given for test examples.
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©93903060LFH Ym0 O LEHMJOLE PG LoLEHYIJOoL M3EH0T0BOF00LO O M3FH0ToM Yo Jok-
®30b 93dmM306900 HA0OOE 3093006900 dMOFMR030 39OHIMHOMIMJOYYMI005b0 P0RIHGDE0-
O obHMgogool vdmboblibgool vbomoBLO o Jom godmmgmoly.

0MofMxx030 39OIMHoMIMGOmMIo05bo ©0xgMIb300mMYMO ZObEHMMJ0J00 03300M O
obbbgoo 3Hoo VbdMOBPYM0 Lobom o ddoEMAd domBg doJEHPOMY®d Fomo ddmbLOBOL do-
OBEMYo0m0 IgNMPIO0L gobg0mamMgodo.

0 goe9®0 Mm3H0doBogool 8sdmEabgool gomolofyzgEoe LEOYMOOE VEBLOZTMOLOS Bo-
®0boMm ©0ggMgb300mMYMo gobEmegool PYEbmoo 4dmbobLbol doobmmgoomo godmm-
305, 30630©Ob OYF0JOJM0d 51Y3g 9dMBOBLObOL 3g&dm HoMImgoymgool doobemmgoomo
30dm3Mmo.

dogomomobmgol 3obgobommm gEHIMdoboLEPmo M3EH0ToPYdo Jodmzgol Mmgm®ool
300L039M0 0mEOL d8MEdbo LOLEYM EMMom [0, 7] 0b6FHIOZoMYBg (0b. FoboMOLO ©o Lo-
bgLE®odo [5, mogo 7] ).
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396L 30M3gmo ©0gol vMIHOR030 39MHIMPoETMJOY™MJO08b0 OGINIOE0OYPYEO0 ZObH™-
goob g. §. 30800mEHMb-003000L gobHMmgool vsdmbablol dm3gdymo gobocy®do (Lodm-
mm®) 360936g9@mmo0m

—_—+ max{ — f(z,u) - gradv(t,z) — L(x,u)} =0,
(t,z) € (0,T) x R", (1)
v(T,z) = g(x), = e€R™
od U 060l u 30mmzg0m0 bodMogmg, f(z,u) 3oOmgawo bobEgdol do8md®aggdgmo ¢3b-
J3ooo, L(x,u) - 3080060Mg ©obabadxgoob g396J3oos, beagmm g(x) 30 30boe9®0 ©obobo®-

£900L 3706300 o dMML grad v(t, ) 0b08bogL v(t, ) BYOIE00L = 3gmo©ol oo™
3960dmfom3ngdgmgool 3gdémdL

(2)

ov(t, z) 8U(t,x)>'

gradv(t,x):< 9. om.

u = u(t,x) 93930890M0b 3Jmbg M3FHoBomymdo Fodmgo, gmggmo goJbodgogmo (¢, x)
Pygzomobmgzol, 083900 MMEMMO 3 © FoMmm3goL ol 360dzbgmmMos, BMIAgmB9E JoomFgge dod-
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Lodydo 99998 3odMLObYYmMgdsdo
—f(z,u) - gradv(t, z) — L(z,u). (3)

0J9geb gbgogm, ®m3 u = u(t,x) P393039000L 8Jmbg M3EH0BomP®o Jo®mgol 8390
8mombmgL grad v(t, ) 39dEM®-g96J00b 3mEbL, 0bwo ol Joobmmgdom godmmgmob.

000 M30P&0 IgMIoMgmdss MJoem® LB MJoLEHPYMo JoMMZoL vdMEFObgdT0. dogomo-
00bm3zol 3obgobommm golood JoomEmo 00BdOYBY M3EH0ToY®0 LogogMm 3MdFRY-
ol 83900L 0dMEobs. 0d dgdmbgggzodo oy gl 3MOEGImo dgoEogL ©dgMoznmo Eodob
mBEombL, 36806 M3E03o YOO LogodMm LEFHMOHIZ00L 93300 JombMZL ¥3gMo3gmo M-
300boL v(t, z) BoLOL @PbJgool grad v(t, z) aMo©0LFHOL BMEBOL, JogMed o®dE v(t, x)
096g300bmzgolL o d®E Jobo gMoogbEobmgol o™ dOLYOMOL FHoo VbomoBYMo Lobol
303mbobygemgds. gl 0®os 3oLoigzomo, 3060000b v(t,x) BPbJEoo v3d0gmBomgol dgmdyg
©030L 0M0HOxR03 390dMFoMIMIOPYM0D P0BINIOE0OPYED gobE Mool (0b. gm oMM,
396 00mob3-3030 o dMogo [27]).

Po®mIMagbomo LOOLMEOE0M BOFOMIoL JoBObod BMEogdmo vMSHEm030 3gMdm-
PommMgomgooobo ©0ggmgb0oem Yo gobEmmgoobmgol dobo PEbmoo sdmbobLbOL gmo-
©036E0b doobmmgdomo godmmgmol bgmbol gobgomo®mgos. hggbo doamdol ddmbLogomo
PadE0m00 0L BogHo, MM IB30e0 M3H030BOE00L 8dME3OBOL GoLOL BYbJE0s bobggMow-
hoBbgJoemo 0bo BabggmMoodmBEbgJoo g3bJE00d Mogol gobLobmg®mol stgdo.

9980bLgbgom, BMI R™ ggzmowgl LogdEob vdmBbgJom D o®gdo goblobmgmgm v(z)
603300360336 90mM090006 39bJ300L gfimEgos bobggzmomhetbgJomo ¢ > 0 dyodogom,
09
jz?

5 (4)

v(x) —c-

hobbggoemo g3nbdoss D ségdo.

003 gmgLbo bobggz®ohoBbggocmo 3bdi30g00l d0doMm MOZ3O30M3gd© dMEH0306g0Y-
™o 0gm 3060390 G0goL 0MOfMR030 390MIMFoMTMIOYEIo00bo P0YIMIBE0d™M PO gob-
B™MmgogooL 33cmg30l Jggaem, 30600000 gb ogm 30M3gmo RodmM mobo g3xbdiz09oo0-
Lo, ®MIge 0o Poagbo 0Jbo obEHMEooL 8dMboBLBHOL FeNMOSEIPYMO dGVLYOMOOLO O
9OMOIOMMO0L MgM®gdgoo.

Lomgobmwog gb 3emobo 039bd3ogoobo 0bo®mhyPbgol mogol 360dz3bgmmmdsl m3E0do-
503001 03ME396900L 33(0g30LOL MMFMOF 9MBIBLbMO BIYZPYMIBIPYMO0L FoJbodocy®o
3omobo.

3030EHMb-003000b (1) gobEmemgool s3mboblbo FomdmMowggbl, go®Maggam d69bgodog
300Mdgddo, MMZomPMow babggmMomhobbgdom Bnbdi30oL gMmmomogow (¢, x) Fggomol
30300 (0B. 30boMLO O LObgLEF®OMO [5, Mmdgo 7, mgmmyds 7.4.11]).

dgmmg ®0goL 3630EHMb-003M00-09eTdb0L dMOFM G030 39MIMHoGTMgdngdosbo wo-
039096300 YPYO0 obE Mmool vdmbobLlooL bobgzMohotbgdommods bLogdgomo » € R”
33000l 3030M® OEagbom 0gbd ©v0d00Lo O Momblbol dogd (ob. [1, mgmédgds 7.3])
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f30bwo 0bomobymdo dgmmEgoom, mydiEo 9dmbobLbol gbh mzoLgos dobodwpg smdmbgboem
0060 0eMOOmMM0O0L MIM®00L FgNMEJo0m JOHMISbIMOLRZVD OTMYZ0IOMO© FMoMMZoLo
[3] @O mombLoL [4] dog®.

80390, 3B ™Md, 900003 O LOEMA [2] smdmohobgl gbobodbogo godEo, GmA dgmbg
0301 LOgLgdom dMOFOR0Z0 30MBOMMYYMO 3IMAIMPo®IMJOYMJO05b60 OPJOIOF0dM MO
30bEMmg0gooLomgol R 933mogl bLogmMmgdo 0aomo ozl vdmboblbol Lofgobo ¢ = 0
dm39630wob HoBbgJoemmdol m3oLgdol goEoEobol mdmol bgdoobdogd ¢ > 0 dmdgbE Yy
LogmOgomo x € R ggemomoly dodo®o.

3M0fMR030 390MIMFocr3MIoYEgo0obo oRgMHgbEoomPMo gobEHmmgool YEdbmodo sdm-
BobLloOL gMow0gbEoL doobmmgdomo godmmgmol hggbo Bgdbo ggerbmods ©dmbobLOOL
BobHg3MOHoBHgJomMool (06w bobggz®modmBbggoemmool) mgolgdols o 83 Loobgh-
Bo3E0M bddOMAoL dgmdg Mo3d0 OTFHIZ0390wo dBoamo Lobol gbgmagEH03 PO VYEHMEIM-
00L gOMEOMY godmygbgoob.
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936000 u(x) 980boBLBO ¥3MBBIJomo BYbIB0os R™ Log®EoL Goodg C' 390%9. 039wobbdg-
00, B3 dgLodmgogmoo obo us(z) MObode®O d3BMJLodoEool vggde o hggbo oBoboo
936mo0 grad u(z) gMowogb®ol doobmmgoomo godmmgmes. magwadomggmoen C' 319089
3033000 ®0039 (M;s)s>0 000gL. gmJ30m, oggmBm 8ol F3oMg 390900©, BGMIIMMO ©O-
08g9B®0 oM 90gdoHgos -b. Bomgdgm (Ms)s=o 00098y, 067 3godg 390900b Fzgdmgdby
30b0mo3m Us(T) M0b6000® 03MMJLoBoEool. obmo 3gbEHMomYMo BmIgbEod (Ms)s~o 0o-
989 806LOBWgOYMO us(r) g39bdiool 3gd3gmo0m Pbmdo u(x) §ubJzool obLZOIH PO
00m¥bgJoemo 8mdgemgool I'yus(z) B9bJsool godmmgme (0b. Fo®Mdmagbowmo bowobgm-
©oE0M bdd®MTAoL 30M3gemo MO30L 30MOgMago 1.1). 63 JoBbom goygbgdm LHEMOx 3maddo-
95909 QHULL oemgm®momdl (ob. 0000960, 0003000 0 393000630 [13]), ®@Bgmog
R™ g33moogl LogdEoL FgdEommo bgooLdogmo LabMygmo LodMogmobmgol dmyPmmmol
8ol 03mBbgJoe oOLL, Beagnm I'yf us(7) ©OLIOIHPMO 93BOgJoco 8mdgmgoo doomgde
MMgm®O3 08 9dMBbgJoemo go®LOL * J3gmo LoBmga®o' (0b. JoMogMogio 1.1). o 9bws smo-
603bmL 0l 360gbgemmzobo FoJEo, BT, Lobmgomm, BYbJool 0dmBbgJoemo dmdzmgdo
06 Hoofgergoo HBowo vbomoBY®0 godmMmLobPmgoom s ddoEmad dobo 3b0dzbgemmMogool go-
dm3gmoO 9GOHM0300cPM0 ddEobod. MoE dggbgoo a3nbdEool ob3MgEHPMm ©dmMBOBgJom
dm3gmgob 080 godmmMZm©0d, 30g0momoE, 9dmm 0eboddbymo QHULL smgm®omndom.
bo0gEbogOME, 90g0eo dJ3L Fom MOB0O® Loobmmggl (mgmdygds 1.1.2), GmEd 0oL &
300039%®™o 330Mo. LHM®gE gb QoJHo FoMMoagbl H3gbo dgmmmol 3ModE03agmo Mo-
909900l LORPYIZIML (MO FoMZow JMPOBL gmmbg Mo3do gobboeymo dogomomgool
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30330939070 MJomoBo300boL).

[y us(x) @0b3®gEamo 0dmbbgdoeo 8mdgmgool gedmmgmol 8g8wgg gomgmon dob
grad 'y, us(x) 360©0gbEL (b06odgomgdo MATLAB 3Hmg®medado gobbm®diogmgonmo
QHULL sgmgm®omdo 03E™30E 96000 00030l 0mbodbygem gmom0gb@l). 0o 0mmml, Lowo-
LgOBOE0M bOFMMAOL gOM-gMM0 J0MOMOO JOPYMJOo 9. . dBomo Lobob gbg®ggE03gmo
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LboL HotdMgoPmo = 330MOOM. 5Jgoob godmdoobomyg hggbo dogmads g§30dmgal Lodyo-
@gdob B3ome@7mo Jgbabgol 3obmbob gobEmmgdol 9Ebmdo 6dmboblbol L2-03®mdlodsgool
33M3bd ©03094306mm JgLooodol 3030EMb-003M00L 3gBHAMPoMIMJOYYMIO05b0 ORY-
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dgmombg mogdo gobbomymos ogMgmgzg dgmmdg ®ogol LogLgoom oMOfMR0g0 IMbI-
33390l 3gMmIMPomIMYOYMJ00060 0RIMH L3000 ObHMEOol PEbmdo ©dMbobLbo-
Lo o dobo 3MoogbEolb 93MMJLodogool ddmEebs. d3dMbobLEOL MWVbOdsMO d3OMJLoTo-
300b doBbom godmygbgogmos eobogn®mo Loabol LobMYm-LHZoMo00bo LJgds. 4dMbob-
6oL 13063000 33MMJLOTOF00D 308370 LOMOBOM OLIMJH P ddMBEOgJoe IMAgemgoL
Qo 300300 dob 3Mo0IoPHL. Igmdg Megdo EBHZ0BIOYWO JBIMFIHOZIWO YHMW-
00 30MbEoMmgol, M3 oLzMgE Mo d0dMBEBbgJomo FmMIgEgool gMowogbEo Homdmo-
3361 dMbz-0339M0b oxgMIbE0om Ym0 gobEMMool Ebmdo vdmbobbol gMmowogbEol
L2-530mJb0do3osb.

Lodogg 806HMmMgoobmzgol gobbomymos FILEHN®O Fogo0MJOo0 S JoOmMZOL OM-
3005 53mbabLOMS Loy 30600000 doobemgdolbo ©o Bgbodsdobo gMHowogb@gool L2-
doobmmgool 3EM30mM0goo.

MATLAB 3m33093909mo 30mmamodol dgd3gmoom dmEgdamos ombodbygmo gob@m-
90900l 3dMbabLOJOOLO O om0 gMo0ghEgool (3gMdm FomBmgdynmgool) 3ma3309Hg-
™m0 308990 BO300.
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®mogo 1

30030Mm0 33™moEoll 39bJizoolL
0dmbBbgJomo dmdgmmygoo.
369039H 0390 JHAWMOS JO®O

3300l 5dMBbgJomo 039bJzogoob
Lbgomoobmgob

1.1 g96Jgoolb s3dmBbgocmo dmdgemgoo o dobo
©ob3MYH Yo 9dmBbgJocmo dmdgmgoo

933009L n-gobBmdomgoosb R™ Logmpgdo gobgobommm ®oodg P dmmogmado, Mmdg-
™oy 39b3omBHgoom (ob. MM3xgmgco [9, 3oMogmogo 5]) R™-ob HgdEommo LobEgmo
BodG®Ogmob ¥3dMBBbYJo 3oMLL Ho®MdMo©agblL.

3mJ30m, f : P — R o®™ob P 3mom3bg gobbobmg®dygmo n 33emool bodwgomadbod-
369emM09000b0 939b6g(300.
306bLo¥bmg®dgool.l.l. f: P — R gybdgool I'f(z) 08mbbgdomo dmdgmgoo gfim-
©900 30JLodomM ©3MBOBgJoe 7xbool, MMIgmos gobLBMgMPYMod P 3cmoEM3Bg o
Bogm®odgos f(z), v € P, g39bdzoom

[f(x) =sup {gp(m) () 99mBbgdomos P-Bg o
o(r) < f(z), = € P}. (1.1.1)

30630b0mmm b P 3moEm3ol FadEommo ®o0dg M = {z1,...,x,} bLobOymo
J39b0dMOgmg o 30g3PobBImm, ®MA conv M = P (sbg M Lod®mogmg dgo3ogl P dcmo-
B™30L §3gmmgol), Lowoy conv M-00 800b03bgds 30b0dogmo ddmBbgJoo LodMogmy,
Mmmdgmoi dmogogh M-b o gimmgos M LodMogmol odmbbgdoemo go®Lo.
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306LoBwg®goo1.1.2. f: P — R gybdsoob Lobdygmo M bod®ogmol dgbodsdobo
©oL3MIH PO 08mBbgdoeo 'y, f(x) BmBgmgdo gafmomo P 3mmopmadbg gobbobmgdym
30JL0odogE ©3dmMBbgJocm FbJE0oL, MmAgmoy M Lod®ogmol Hga®mEomgodo dozmmom-
©90 dmpgdamo f(x) gabdsoom

[y f(x) = sup {gp(m) : o(x) 08m¥bgdomoo P-Bg o
o(z1) < flaw), ox € M}. (1.1.2)

0bamoB®0 Vaboo Imgdgmo f(x), © € P, gybdsoobmgol dobo I'f(x) 08mbbgdoemo
dm330mgool 8boemoBm0 Loboom hofgme Fgbodmgdgmos 0dgz00m dgdmbggzgodo, Mmgbog
Log®mEoL n gobBmTomgdd 3gHoo ob Mmoo 2-0L, n > 2. 030EHMI dombg oJE YO0
08m¥bgdocmo I'f () 3mdzmgool Bosbmmgdomo godmmgme. 38obmeb, FoboBpgdodyg wo-
LgOBOE0oLb doBbIOOLMZOL LogoMmMo v®o FbmeM© JoLo MOBVBIMO d3MMIJL0ToF0oL 8ggdod,
0®00d90, 9dmMmBOYJomo MobsddM0 93MMJLoTO300L 08900 Lomdbowm degm®omdoly dga-
390000. LHm®ge o3 JobBbom 3odmgzoggbgom 6dmBBgJoemo d9booBolL §GYbEodgbE o Y™
00gol, ®MIol Jobgpgom R™-3o sdmBbgJomo gabdogdol 0ggos dgbodmgdgmoo R
933009L LogmEgdo Lomobowm vdMBbgJoemo Lodmsgzmggool dgdgzgmoom, 3ghdmo, ™Y
F 30830d39M0 58mBbgdomo bod@ogmgs R -0, 35906

fl@)=inf{p: (z,n) € F} (1.1.3)

06900 0dmBbgJomo 9396J3oo F-0b 3Mmggdioody Q = Proj F', ®mdgmog R™-0l 3md3od-
{390 5dmBbggocmo LodMogmgs (ob. OHM3RIgdo [9, 3oMgmsgo 5]).

0860300, 3o©d306033mMm (n + 1)-306¥mBomgoood R™ g33mopgh Log®Egdo ©o
306g30bommm LobEOPYmo LodMogey

©o dolo

~

P = conv {(z;, f(z;)), i=1,....,m} (1.1.5)

0dmBbgJomo godbo.
R Log®gol P 3m@om3ol 39939md0m (1.1.3) gm®mIgmol dobgogom dgdmgzoygoe-

bmm 99900930 39630
Guf(x) =inf {p: (x,u) € P} =
= inf {/L : (@, p) € conv {(z;, f(x;), i=1,... ,m}}. (1.1.6)
393603b6mm, ®mM3 P 30M0EM30 0M0ob 3MI30JH Mo LodMogmg o ddoEmAd (1.1.6) gob-
800390580 060303930 JoomHgge s, F>IoLoEdY, 08mBBgJomo Gy f(x) BYbIEoolL (z, Gy f(x))

3003030 Po@BMozgbL P 3moE™30lL 86 0dmYbgdomo go®LoL conv {(IZ, f(zy)), i =
1,... ,m} " 39000 Lobmgo®L'.
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00300 53l 99dgg dgbobodbog JomgdoBozxcd gdYmgosl, Mmdgmog R™ Logdiol
6300b3og®o 1 gobBMBocgdoLMZgoL LodPomgool ggadmyggh godmgmgammm f(z), z € P,
096d300b obzMgEPmo 'y, f(x) 08mbbgJocmo dmagmgdo.
®JIdgaol.l.l (Om3axrgmg®o [9, 30MgMogo 5, mgm®™mgds 5.6 o dobo dgwggol).

bodoE® 05600 BV
Cyf(x)=Guyf(z), z€P. (1.1.7)

O3B 303900. 3goJlodmm x € P. 330J3b

=Y Az, bowog 3 € M A >0, i=1,...,m, Y N\=L1 (1.1.8)
i=1 i=1
03039 A1, - - -y Ap-®30b gobgobowmmm (z;, f(xz;)), i = 1,...,m, HgdEommo odmBbgJocmo
3030000300

m

Z/\i Az, f(23)) = (z, 1), Vowoyg p = Z)‘i - fxy). (1.1.9)

i=1 =1
gYooo, (z, 1) € P, g9- 0. {p: (z,n) € ]3} LOIMOZEMY SOOEFM0JM0d O, FoToLowOdy,

Gurf(z) g96d300 3obLobmgdgmoo.
030mmm 63dobdog®o 1 oLgmo, ®MB (x, u) € P. 0dmBbgJocmo go®LoOL gobdo®Egool

domom, dALYOMOL 0LIMO A, ..., Ay, OB N; >0, i=1,...,m, > \=1, o

i=1

3by
p=> i flx). (1.1.10)
=1

3obgobommm P 3mmo@m3dbg obggg 6300b8ogmo p(x) 98mbbgdomo g39bdioo, ®mMBgmogy
0330gmMa00mgoL 300M00L
o(x;) < flzy), i=1,...,m. (1.1.11)

830J3b N N -
p(z) = @(ZA1$1> < Z)\i () < Z)\z‘ - flwi) = p
=1 =1 =1
8080bow©odg, Gy f(x) g96d300b gobdo®EHIOOL doMom FMIOYMMOM
p(x) < G f(x), (1.1.12)

0Jg0b 30, mogoL dbMog,
Cyflx) <Guf(z), =€ P. (1.1.13)
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3obgobomm Gy f(r) Rabdsos. 33odab

~

(z4, f(23)) € P,

3d0doboody,

06y G f(x) 3o8m@ol 08mBbgdomo B9bd30o, GMIgmog z;, i = 1,...,m, HgdEomgddo
0330gma0mgol (1.1.14) 306Hmoob.
oL3MgHPI™O 08,mBbgJomo Iy, f(z) ImBgmgdol gobBo®mEgool godm gobzgbom, GmA

Guflz) <Twyf(z), ze€P. (1.1.15)
LoodommmMME, 30gogmmon LobyMgam GMEMOOL

Tyf(z)=Guf(z), z€P O (1.1.16)

0833033090 MIMMJFowb 3oLzgbom, ®MA f(z), © € P, g9b6J3oob ©obzdgHamo
08m¥bgdocmo 'y f () 3mgegdol 3odmmgmos ©o0ggabgds odmBbgdowo conv{(x;, f(z;)), i =
L,...,m} ga®bobo s dobo " J3900 Lobmg®olL" godmmgmotyg. dmEgdnm Lobdym Fgo-
Bom®d LEOIBOZMOL VdMBBbYJomo FoBOLOL 3mgbo (godMMZM) FoMBMOaIbL 3:3309B9-
™m0 3gmadgEH®ool gOHm-gMHm 396EFMOPYM d3MBObOL. 3OLIOMOL 8GO MM dMZMBomMd0
Aol 30dMboOmgmgmo, oo Mol domBgw 3m3gmotrgmo QHULL smgm®Momdo: ogo dg-
3930390900 1996 Hgmb 039m 0390 gbogegool d0M0gMoL, M03060Ld O 313ob3OL
dog® (ob. [13]). gb oam®om3do domBg 9i3gdEHPM0d O Lo3zdomoLow® LHEMO0s, MmEo R™
LogMEoL n obBMIogoo v3d0gmzomgol n < 4 3oMmmModl. dodobowodg, QHULL oggol
(n + 1)-3068mBomgo0sb ggzmowmgl LogdEgdo LHELOPM FgdEommo LodMogmol d8mYby-
Jom go®LL o Igdgma 30 oL~ Jggmo LaB®IaML' 06y 3YEMOL obZMIHPWO dTMB-
bgdowo 'y f(x) = G f(z) 0mBgemgdol 3609369mmmodgdl P 3mmo@madbg. 303obowodg,
©ob3®gH Yo 8dmMBBgJomo dMAzemgoo godMMIMO©d, 800D, MMEaLbOE n > 2 gobBmdo-
mgoobmzgol ~9fggapo' 9dmBbgdomo 'y, f(x) ImBgmgoo, LEBMFOEME, SO oBMMmZmo-
0.

0939 993603bmm R"-00 3m330JE96 0dmBbgJocm LodMogmgmo 3b0dgbgmmmgobo m3go-
Lgoo: 6goobdogmo 3MA3oJH M0 v3mBBgJoeo ) LI®Ogmg F0gbowODd B3MMILoToMJOSOS
Lomobom P dmmogmadol d9d39moom.

obo obdol 396EFHMOMPYMo Fombgo: Jgbodmgogmoo oy oMo R™ Logdob P dcmo-
B™3Yg gobLobwgdmymo Nhyg3gBo f() g9bdgool o8mbbgJocmo I'f(x) 8mdzmgdol mobe-
0060 93MMJL0TOF0d LOMIbOM LOLEOYYMO LOTMOZ 000 ObLOBWZM YO OLIBJEH PO
0dmBbgJoemo dmdgmgoom?

00 30mbHzoBg 3oLPHoL gobogdo sg3z30Mwgos P 3mmodm3bg 3obLodmg®nmo (Ms)sso-
00000L 369001 Fgdmyggzobo.
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306bLOoBg®godol1.1.3. godyzom, ®MI P 30moE™M3oL LobOYm J3gblodMogmmgmo
boLEHYF (M;s)s=0 JI6OL doL, MY LOYMEIdO M®O 30MHMOS

(1) Vo > 0 830d3L conv My = P, ob9 gmggmo Ms 8g0303b P 3mmo@Em3ol F3gdmgol;

(2) Vo € P ©@d Vi > 0 o®bgomdb (n + 1) gomo Fagddomo x;,, ..., 2, , € Ms obgmo,
M3 z Hotmdmoagos od FadEomgool sdmbbggomo 33d0boEoom:

n+1 n+1

=) Ap-wi, boog A =0, Y A=1,

k=1 k=1
o |z —ux;,| <4 k=1,....,n+ 1L

(1.1.17)

30h3gbmm, ™8 dbgmo (M;)s0 0007 gMggEmmgol o®LYOMOL. JoMMMOy, P dnamoBm3o
3M330JE a0 LodMogmgs. 030mmm C' 3900, MMAgmog dob dmoEogh

PCcC. (1.1.18)

030000m 0 > 0 bgdobdog®ow 3gomg ©o C' 3900 oggmm domg owgbya® C;(0),
J = 1,...,0(0), 3909000, GMIgmms ©0sdgHM0 Bogmgdos -8y, diam C;(d) < 4§, j =

L,...,0(9). 330d3L
I70)

P=PrPnC=[J(PnC;)). (1.1.19)

j=1
gmggomo PN Cj((S) ®060339m0 Fom3moagbl d3mmo@madl, MmAmol ©0odgE®Mo bozmgoos
0-B9. 30630H0MM® 93 3MMOFHM3MO Yzgmod Hzgmml LodmMogmmyg

Ms = {21(8),. .., T (0) } (1.1.20)

03000m bgdobdog®o = € P, 835806 ob g3nmgbol ghom-ghor P N C;(6) deagmopmdl 30063.
303000 gmggmo 3MmoEM30 magobo §ggmmgool sdmBbgdomo go®bos o vdoEmad

r = Z)\k - x4, (9).
k=1

3960mgmEM®ob 3bmMoomo mgm®mgdol mobobdow (ob. Hm3Rgmg®o [9, doMogmogo 17]),
gmggmmmgol g330dmos 8g8mzgoLoBmgdmm o®o 98gd gL (n+1) Fagdmmo ©o, 303obowsedyg,
33933L

n+1 n+1
= Ao 2;,(6), booog A >0, k=1,...,n+1, » N=1
ot P (1.1.21)
©o Mo Bmogo®os | —x;, | <46, k=1,....,n+ 1.
8080Lboodg, P 3mmoEm3olb Lob®gm Jggboddagmgmo LobEgds (Ms)s=o JaboL dowgl.
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933@00gh R™ bogdhgol P 3amopmaby gabgobommn afgsapo f(x) gabdeos. gb gab-
J30oo ®3bo0Mo® YhyzgEoo P Lod®Mogmgbyg, Goasod P dmmoEmado 30330dEnto LodMog-

mgo. 3ob3obommo f(x) 2:96gB0oob 359393000L w(f,t),
t > 0 dymo, Gog 60bogL, MHm™3

[f(y) = f@)] Sw(f, |y —2]), Bags z,y€ P, (1.1.22)
bowog w(f,t)i>0 9M0L t 9®393g6E0L 9YFY39B0 003 gdoo B9bdios obgmo, ™I

limw(f,£) = w(f,0) = 0 (1.1.23)

(8936036mm, ™3, oy f(r) 933090xBocmgdl mondogol doMmdelb L 39wdogom, 803006
w(f,t)=L-t.)

0399300, ®m3  dgbodmgogmos  f(x) @9bJgool  Mebsde®o  d3MMJLodoEoo
(Ms)s=o 000989 003y fs5(x) bJ00m, Mo 608boglh 030, MM oOLYOMOL VFy3aHo
0®03mgoo©o gomo 33mowol p(t), t > 0 agbdgoo obgmo, ™A lgfglp(t) = p(0) =0
©0 bLEOYMEJ0s 900930 30MMOS

sup |fs(zi) — flan)| < p(6), V4> 0. (1.1.24)
opE€Ms

09 3600000 f () 396J300b 0bomoBn®o bobg, 8080b f5(z) B9bJ30gool o®hggs H®o-
300@9M00, YoMomME 373390m, BB (Ms)s=0 000abg f5() = f(x), V4 > 0, o637

fs(xr) = f(zr), xp € M; (1.1.25)

o 08 9gdmbgggedo p(t) = 0.

08 9gdmbgggodo, GOmegbos f(z) @9bdool  obomobg®o  Lobg  Pbmdoo
(8mJgom, f(x) 060L ®o08g 0MOFMG030 3gOHIMHoMBMYOYJO00b0 0xIMIHF0OM YO Zob-
B™MgdoL PEbM0O0 08:MBoBLB0) 319I3zg90m, BB gbadmgogmos dobo v3MMJLodai0o (Ms)so
0000L HghEomgodo.

39630bo@mm (M;)s-0 000abg f(7) Babds0ol 9g8rgao ©oL3OIHPmo 08mBBIJoeo
dmdgmgodo

Dar, f3(x) = sup {p(x) : () oBer®Badomos P o
p(r) < fs(x), = € Mg}. (1.1.26)

9936036mm, ®™AB (1.1.26) gobdodEgoodo f(xy)-b boggmow dmbofomgmdl fs(xy) ©e
®mJ 08mYbgJomo L, f5(2) 039b6gdi00 300MmM3MO00d. BoOMNM,
(n + 1)-8o6BmBocgdosd ggzmowgl LogMEgdo gobomogm FgdHomms Labdyem Lodmag-

@gb
(2h, f5(r)), a1 € M;. (1.1.27)
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QHULL sgmgm®omdol 39939m00m 303900 dol 0dmbbgdoem gomLL
conv { (zy, fs(zk)), i € Ms}. (1.1.28)
©0, LOdMWMME, 33MYmMOm Job  Jggwo Lobmga®L'"

L, f5(x) = inf {u : (x, u) € conv {(wk, fs(zk)), xx € M5}}. (1.1.29)

LFM®O g gb dmaM®0m3do godM0Yygdgos LooLbIMEOE0M BSTOMAOL IV Mo3d0 Bmgogdmo
3®0f®x3030 39MIMPFocIMYOPYEJo00bo oRIHJHE0SMPYM0 ZobEFHMMIOo0L P3bMo0 dTMbob-
LboLo (BMIgmoE ™300m0 sdmBbgjomo 1YbJE000) o Jobo gMoogbE oL v3MmJLodso-
obmgob.

obemo Hggbo FoBoboo 3oLPHo gogEgm 938 30MgMORL 396EFHMOPYM Fombzol vdmBbgo-
o I'f(x) 8cdzmgdol dgbodmm 03MmJbodoooly momdady.

090930 360033690mM3060 ©909Mod HoMTMO®Egbl 93790 gmo, FMMBIboLY o dm-
®060L [32] ogm®gdo 1-0b gobBmaowgool P 3mmogmdby goblobmgmygmo bgoobdogdmo
9F93900 f(z) Babdaoobmgol, 30806 GmEo d0bodbymo 83FHM®Io0 gobobomoggb 39Mdm
999mbgggoL, dmegbei f(x) 08mBbgdomo 19bJd30oo o 338094Mx0emgdL moxrdoiol gum-
00PM 300M00L Gvodg L 3godogom P 3mmoEmadby.

®gadgdol.1.2. g33cmogb R" boghpolb P 3mmopaddg 30b630bommm Goodg 1f939-
6o f(z) @gbdpoo, [+ P — R @o (Ms)s=o 00@g. Go80b 00800 03l 08mbggocmo I f(x)
ddgemgodol 390093 006000® 03B glodogosl godmmgemowo vdmbbggoemo Iy, fs5(x) gmb-
Jsogoom:

sup T, f5(z) = Df(2)| < w(f,6) + p(8), 6 >0, (1.1.30)

bowog w(f,0) o@ob f(x) @gbdpoob 1fg3900b dm@acmo, beaenem p(d) gobobobmgmgoo
(1.1.24) 00609306 ©@000@5b.

O3B 30BJOoO. 300Jbodmm bgooLdogdo = € P. (M;s)sso 00000l gobdodEgdol
domom x HomIMwggoo d9dga0 vdmBbgJocmo 303d0b6o300L Lobom
n+1
IZZ/\k'Z‘ik, x;, € Ms, Bowog Ay >0, E=1,...,n+1,
k71n+1
Z/\kzl o |r—x;,| <4, k=1,....,n+ 1
k=1

©obL3MIHNO d8mBBgJomo Iy, f5(x) dndzgemgdol (1.1.26) gobdo®Egool domom gzodgh

n+1

Lo, f5(x) = FMJ&(ZM . l’zk> <
k=1

n+1 n+1

< M Taggfola) <D0 e fola,). (1.1.31)
k=1 k=1
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fs(i,) 30003FaBmm 98wgaboo®ow

Looobog

0J90b 30 (1.1.31) gEmmmool gomgomobfobgoom 30gogmmom
Lagg f5(x) < p(0) +w(f,6) + f(x),

oby
Fasy fo(@) — (p(6) +w(f,0)) < f(a). (1.1.32)

00 PYHMEM0ooL JomEbgbo Fbomgl g30g3L 0dmBbgJoemo g3nbd300, MMAgemos dogmmom-
900 f(x) g396Jd300m o 030EHMB BogmMoMEIde vgMgmgg I'f(x) 0dmYbgdomo dmdgmg-
000, J. 0.

Lagy fo(@) = (w(f,0) + p(0)) < Tf(x),
LH30b600MO© 3WIOPYEMOM
Pagefo(@) = Df () < w(£,8) + p(6).
dgmegl dbmog, I'f(z) < f(x), 0Jgob 3o

Tf(z) < f(xr), ox € M. (1.1.33)

330J3L
fxr) = fxr) = fs(xn) + fs(ae) < p(6) + fs(xr).

(1.1.33) 93™M@m®d0©ob 30gonmmon

Lf(xx) < p(0) + fs(an),

069
Ff(l’k) — p(é) < f(;(])k>, x, € Ms. (1.1.34)

803009m MM 0dMBb6gJomo g9bdioo I'f(z) — p(J) dowol HagdEHomgodo BogmMoM©gdd
fs(z) 396d3000m. ©OL3OIGHIO 03BbgJoeo BmBgegool Iy, f5() 3obIoMBFHIOOL doom
30b3gbom, OMAI

L/ (x) - p(6) < Taryfs(x), @ € P

LoommmMME, 30g0YmMMO0 LobPYMZgm MObSOSE Tggolgosl
—p(0) < Tar fs(x) =T f(z) <w(f,0)+p(d), zeP. O (1.1.35)
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1.2 9®mo 33moEob J3bmoo 0dmBbgJomo g396Jgool
Po®3gonmob 930JLlodoEos Jobo MObods®O
33MmmJLodogool dgdgzgmoom

999mboebmg®gm [a, b] bggdgbEbg gobgobommm 0dmBbgJowmo f(z) @bdgos, f : [a,b] —
R, 0o 30837@0obbdmm, Hm3 3bm0o0o Jobo dbomoByMo Lobg. ¥3obmob dgbodmgogemos do-
bo MOBddO®O f5(2) 93DMILOToE0OL 8300, Lo § BE0MY 30MgHM0V, oMM, [a, b]
193396 0OL ogmeoL doxo. hggbo BoBobos PEbmoo f(x) gybdgool PEbmoo BodEbgbs Fom-
80gdmob f/(x—) 030mJbodogos 3bmoomo f5(z) g96J300wsb Goodg BbJombomyg®do
30000d360L 3gd3gmd00m. 08 doBbom gobgobomogm f5(z) §ybJool 0dmbbgJoc I'fs(x)
8t33mgoL. ggmBgE®ogmo mzombobmobom ol Ho®Bmoagbl fs(x) anbdiool gMagos-
9 9399Mob IMmF0odym doxgl. doMomoo 0go daMmdomgmol 0dodo, MmAd gobgzobommm
(Tfs) (z—). ®mgmds f/(x—) 936m00 396d3ool doobmmgde. s@bodbymo Bosbmmgdomo
dgomEol obOOYMNJOs Fo®dmomagbl o3 30MogMagol dmogo® doBobl.

b0 LboL 3MMOMYdg00 016g0M0300 FoOTM0TZzg0d YoM PY®O ddMEBObgool Igbfog-
@oboL. ogomomobmzol gobgobomm 433M0379w0 MGBE0MBOL dgEo®Jool sdmEsbs go-
BobLY® d0BOMBY. 30MZOOS 36MO00, BMAT OM SEBLYOMOL FHBo©O dbdMOBYMO Lobol gm®-
390 0390390 MmBEoMboL v(t, ) Bobob BrbJgoobmgol, dog®med Igbademgogemos dolbo
vs(t, ) Mbo0d®o 33MMJLoToE0olL 137100 obIMIHIMO JoM3mzgol xo§ggd0lL dgdggmodom
(0b. 3996960 [26]). 030LmgoL, BM3 Fgobobmm 43960 3gmo MmaBEoMbOL dgRr0MIOd OM-
oL £, @obzM9E P dmMdgbEgodo o930 Iogmos bgmm g3Jmbogl % 390dm Homdmgoy-
ol ®03g B0obEmMgdo. d080LMOb 3bMd0MOos, M v(t, z) GoLOL GPbJEos ©dmMBbgJomoo
Logmhgomo = 33mo©ol 3030Om EMMoL gmggmo godLlo®gogmo ¢t dmdgbEolmgol (ob.,
3030M0MO, Ji-306M, Ob 0eMOb3z-3030 o dMogo [27]).

39206900l 30M0mgdolowdo h3zgbo dowamds damdomMgmol Jgdwggdo: MmOl ymgay-
o tj, 33gbEHOLmZOL gobgzobommm vs(tx, ) 039bJool vdmBbgdomo [Nvs(t, x) Bmdgmgdo
©d 3obo BodEbgbo (Tvs) (tr, z—) Fo®Brgdynmo godmgogbomm PiEbmoo W 3900,
Potrdmogmol doobemgoow. 93 gBom IMgobegbm m3IE0domy®do Logoddm LEHMOEI0o-
3920l 030mJbodoEoob.

30bg0bommm 63d0L3og®Mo IgdMbaBMg®Ymo vdmBbgJomo f(x) @ybdsos [a,b] Lgs-
396(Y9. 300800 0M0L 3bMd0MO, ®MA (a,b) 0bEHIMZomBg ob YFgzaBoo, HBeamem 0bEg®-
30mob 0mMmM a s b FadHomgotg 3oL oJgb LobEgmo f(a+) e f(b—) BLg®Mgdo. YRG®
89303, 8oL 0ggL LobEygmo FodEbgbo o JoMrggbo f'(z—) o f'(z+) Fo®Bmgdgmgdo
(a,b) 0b®gdgzomBg (ob. dgomio [28, p. 205]).

B39b HBIoMmow 3odmM309gb90m J330mm dmYzeboem PHMMMOsL, B@AgmoiE ghgoo odmb-
bgdow f(z) g9b6d30oL o 3oL f'(z—) FoMEbgbs FomBrmgdgmb (ob. dgodpo [28, p. 205])

flxa) — f(xl)

To — X1

fl(e—) < < f'(xa—) (1.2.1)
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6go0bdog®m0 1 O Tr-m30b a < 1 < x9 < b.
09 £2-b d030LHOOGIOm b-3906, 0300 gO®

f(b=) = f(x1)

f/<x1_) S b_xl , (122)
bome oy £1-b dogobfidoggom a-39b, 339306900
Jlwa) — flat) _ F(2a). (1.2.3)
To — Q
0J90b 3odma0botmgmol
f@) = J@h) gy IO T@ oy acacn 2.4
T—a b—ux

09 9396013690 HMMMOOL gogodmagmgdm (r — a)(b — x)-Yg, dogowmgdm Bg8wga
3d60936gcmmgob Jgnobgosl:

(b—2)(f(z) = fla+)) < (x —a)(b—2)f'(z—-) <
< (z—a)(f(b—-) — f(z)), ®aGs a <z <b. (1.2.5)
00 99930Lg00ob gbgwogm, GmA
wi(z) = (z — a)(b — z)f'(z—)
096300 8g8mbeBMgmYMOs (a,b) 0bEgMZomBg, 83obmob
wi(a+) =0, w(b—) =0,

00603690l gomzgomobfobgdom gobgzbabmgmmo w;(x) 39bdios 0bEIM3omOL dmEMd-
b9 09093boomo©
wi(a) =0, wi(b) =0.

8080Lboody, 3MgdPMmMOm [a, b] bLgadgbEByg gabbabMgmPm FgdMbBOZHYm FoOEHE0LIL
90939% o JoME3zboob Bmgmgdol dJmby wi(z) g3nbdiosl. goblbgoggdgmo dgdmbo-
B0309mo 93mbbgJomo ¢(x) B9bJgoobmzol sbommgoy®ow dgdmzommm s®bodgho

we(z) = (x —a)(b— )¢ (z—), GaEd a <z <D, (1.2.6)
boommmme, dgdmgommm 39900930 RYbJiEoo

w(z) = wi(z) — wy(z) =

= (x —a)(b—1) (f’(m—) - 4,0'(35—)), Onge a <z <b. (1.2.7)

9936036mm, ®™8 w(x) o®ob gL g®ymo, Bo®dEbbowob YfFyggd o (Bo®xgbowob Bmgdyg-
00b dJmbg) o 83309mMxB0gol 0OHMOSL:



b
08 30®og®oxdo Hggbo BoBeboo Jggoxobmm ®0dobol [ w?(x) dr 0b@ga®dowmo, GmAg-

oy LoTPomMgool Img3zgdh dmgobobmm YEbmoo oam‘gB{]{]ocqm 39bJio0lb Hotdmgoy-
ol 030MmJbodoEoo.

®ga®dgdol.2.l. godzem, f(x) o p(x) @G 6gdoobdogmdo 8g8mboma® gemo odmbbg-
Joo 19b6dpovo [a,b] bgadgbEsg. 0dob sg00 oggb 890w0gs JbIMB3IH039 8gaobgool:

b
/ (2 — a)(b— 2 (f (o) — ¢ (a—))? do <

<5 VB- sup [f(2) ~ pl@)] sup [F(x) + pl@)] (b~ a)’+
x€(a,b) z€(a,b)
4 2
3 - - 020

©o0BH300B9J00. IB303900 WI3YMOM MM JBHO30©: IO 3oLOOYMYOm dob Lodo® M-
0b6M0OOL MR Pfyzadoe Fo®dmgoowmo gmygo odmBbgdomo 039bdiz0goobmgol, Hrmm
390gmd g3obgbm bgooLdogMo vdmBObgJomo 93bJgool Joobmmmgosl gemygo, sdmBbgdo-

@0 BI6J30JO0M S FoROZROZIMDM BRIOBY 9339 J0wIogw gwgado.
98330Mo@, 30M39@ JBHodby 303wobbdgdm, B f(z) o p(z) MOXIO PFYzadoR
Fo®Brmgdoo 0dmBbgJocmo B3nbI3ogdos [a, b] Laagdgbplbg. o8 Bgdmbggzado ggadsL
f"(x) >0, ¢"(x)>0, a<z<b.
d9dmgommm d9dgao 139bJogoo

u(@) = f(z) —p(z), v(z)=(z—a)’(b—2)*(f(z) —¢(2)). (1.2.9)

30bgobommm 993930 06EzMomo o godmgzgoygbmm dobLido bofocrmoomo 0bEgaMgooL
O3

b
__ /(x — b — 22 (f(2) — (@) (f"(z) — ¢"(x)) dr, (1.2.10)

bowoi v(a) = v(b) = 0.
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0J9©0b 30g0mmMom dgrobgdol

ooy <

b
ssgnvmw—wmy/@—afw—va%m—¢%@Mm, (1.2.11)
z€la,b
dgmbégl dbmog, g3093b
" () = ¢"(@)] < f"(2) + ¢"(x) (1.2.12)
©d 390930R 3LOYW MO0
b
‘ /u'(af)v'(x) dr| <
< sup |f(x) ‘/x—a (b—2)*(f"(z) + ¢"(2)) dz. (1.2.13)
z€[a,b|

PHDM0O0L. 3990gmM8 goMsgJdbom 0bHgzMomo

b

/m—nfw—xfu%@+¢%@wm=

a

_ _/2(35 Ca)b— ) (-2 +atb)(f () + () dr =

= —2(z — a)(b— 2)(~2z + a+ b) (f(z) + p(2))| +

—|—/(2(:15—a)(b—x)(—2x+a+b))/(f(a:)+go(x))dx. (1.2.14)

3o 0oboody,
b

= ap0-0P(£@) + ¢ (@) do <

a
b

< sel[lpb]|f(x)+g0(;v)‘/’(Q(x—a)(b—x)(—2x+a—|—b))/’dx. (1.2.15)
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0Mm® 06(%H93MomMoL godmmgmoly 3909300 3JONYMMOM

b
/ ‘(2(95 —a)(b—2)(~2z +a+ b))" dr = % V3 (b—a). (1.2.16)
03M030®, 3:0g0YmMOm dgxebgosl
b
' /u’(x)v’(a:) dr| <
4
< g V3 sup |f(x)—<,0(x)‘ - sup |f(x)—|—g0(m)‘ - (b—a). (1.2.17)
z€[a,b] z€[a,b]

dgmbgl dbmog,

(z — a)(b— )(~22 +a+b)(f(x) — o)) (f/(x) — ¢'(x)) do+

I
O
S —

n /(x —a)*(b— 2 (f(z) — ¢(2)) dz. (1.2.18)

03®030©, 300309MMOM FHMEMOSL

x 2(=2z + a+b)(f(z) — p(2)) dz, (1.2.19)

3000000
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39330000 dgg0930Lmm domemem §ggzdo

b

[ - a0 - ¢@)2A-20+ a+0) (1) - plo) de| <

a

<

N | —

/ (2 — a)*(b— 22 (f'(x) — @/ (2))* durt
+2/(—2I+a+b)2(f(x) — gp(x))de <

<

N | —

/ (2 — a)*(b— 2 (f'(x) — @/(2))* durt

+2( sup |£(x) — p@)])’5 (b~ a)’, (1.2:20)

z€[a,b] 3
30 00LoEOAY, 33093V
b

[ @ a)(£1@) - @) 220+ (1) - o) do

a

<

<

N —

[@=apt-22(s@) - ¢ @) ot

2
#5 ( o /(o) - e(o)) - (b—a)’. (1.2.21)

09 (1.2.19) @080 godmgoygbgom (1.2.17) o (1.2.21) 89530Lgogol, 33gddbgoo
b
[ —apo- 22 () - @) do <

<% V3. swp |f(2) - p(@)] - sup [f(2) + o(@)] - (b—a)*+

§ z€[a,b) z€[a,b]
4 2 3
4= ( sup | f(z) — @(x)\) ((b—a)® (1.2.22)
3 z€[a,b]

3000030009 ©BH303g00L Fgmdg gHo3Bg. 30J30m, f(x) o p(z) m®o bgooLbdogdo Ig-
8mbobgmYmo vdmBbgJomo B9bJgoss [a, b] Leadgbpvg. 33060 vgogmm 93 PbJ30gd0L
3300 JLodoEogoo, Mmoo MORIO VHY39BHO Fo®dmgoso vdmbbgjomo gxbdogoos.
08 80Bbom godmgoygbmm godMgow 3bmdomo 8gdwggo godagmggdgmo p(z) gybdios

c- eﬂf<701*2>7 mmEe 0<z <2

plr) = : (1.2.23)
0, Lbgo d9dmbgggodo
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038bmob, ¢ 3ydogo dggzomdhomm oLy, MM3 d©g0wo 3JMbrgl EmMmmmosl

30063LboBMzmMmM RY6J30oMo F0dYZ3MMOO
b

fulz) = / nep(n- (=) - fy) dy,

“b (1.2.24)

nl(z) = /n p(n- (z—y)) - ¢ly) dy,
bowogn =1,2,... @d x € (—o0, +00).
6goobdog®mo goJbodgogmo & > 0-mgol gebgobommm f,(z) o ¢,(x) §ybdogool
99809030 [a + 0,b — J] LadgbpBy o gogmoLbdmm n > %. 80806 n - (z —a) > 4 ©o
n-(z—>0) <0, ®agox € [a+d,b— 7]
80gobobmom (1.2.24)-80 3gmo©olb 8g3gmo z = n - (z — y), 8396900

n-(z—a)
z

fulw) = [ o) o= 2) e

n
S (1.2.25)
one) = [ o) oo 2)da
n-(z—b)
803™03 p(2) BYbJ30o 0-0b Fmmos (0,2)-0b goMgm s 080 ™3 dog0®IOm
2
fuw) = [ 0t 1 (2= Z)
(1.2.26)

0
2
z
en(@) = [ p(2) - sa(m - 5) dz,
0
ogn > % . (1.2.24) gobbobmg®mgoomeb gbowos, ®ma f,(x) ©o ¢, (z) B9bdzogdo Ybobery-
@ME FoMIMJOd®00. 33OLMODb, Jom0 93MBEOIJomMdd FoMEH0Zow 3odmaobomgmoL (1.2.26)
fo®mamoggbowob.
30h3gbmm f,(x) o v, () B96J30g0o0l 308gzMMOMO MObOIMO 3MJOsEMdS f(x) ©o
©(x) 396d30900L396 [a+ 6, b—d] LgadgbEvyg, 9gboosdobow. o3 BoBbom godmgoggbmm f(x)
0 () §96J30gool Mobsdo®o Yfygggdmode [a + g, b — 0] bgadgbEvyg. ymggmo & > 0-mzol
0MLYOMOL 0LgMO J, MMT g0 dJ3L YHMMOOL

~ J
|f(z2) = fz1)| <&, 09 |wo—a1] <6, 21, 22 € [a+§,b—5} (1.2.27)

25



0300MM N > max{%, 2}. 85806, ®0Eo 0 < 2 <2 @o z € [a+ 6,b — 6], ggodgb

z ) z ) )
Z <min{=-, = ~Z> — S =a+-. 2.
n_mm{2,2}, x n_a—|—5 5 a—|—2 (1.2.28)
03608500,
z 4 4
) = < > =, = L.
’f(x n) fx)| <e, 6@3071_Jnax{5,6} (1.2.29)

0, 3000LoEOdyY,

<e (1.2.30)

o) = 1@ = | [ o) (1(2=2) = sw)) a:

4
5t

00330M0w©, 30h3969m [, () BNBIB00md B083MMO0L MObodMO 3MgodEMd. f(x) BNb-
Joobggb [a + d,b — §] LygdgbHYBy.

obmo 33306000900 gogofomammm 0bEH9zMomgoo (1.2.26) Emem0gddo. godmgoygbmm
0dmBbgJom RYbJ3ogoby dodomowo (1.2.1) PEmmmos, sgommom dobdo

gmggmo x € [a+ §,b — 6] won > max{%,

T = (I—E)—h, $2=I—§, (1.2.31)
boc9030<h<§.
83936900
F((o-2on)-) RSN (-5 ) a2

boog z € [a+6,0—0,0<2<2,0<h<%@on>3.
09 IHge39cmm0oodo d0gomgom, MmAd vdmBbgJomo g3bdzool domzbgbs Focmdmgoymo
OMOZMJOSOd OO

r———h>a+-, v——<b-—9, (1.2.33)
n 4 n
d0300g0m
4] —2)— —2—h
f’((a—i—Z) —) < JE=) z(‘r n =) - o), (1.2.34)

0Jg0b godmdobo®mgmol, MM 3bJEoomo
flea—2) - fle—72—h)

Py (2) = . (1.2.35)
MPOHO MO0 FgdmbobmgMymos Jgdwggzo dgwdogom
)
. ! - . ! _ _
c—nmx<f<@+%> )| 1r@e -9 M) (1.2.36)

0)"{].1'6[@+(5,b—5],0§2§2,0<h<%QOHE%.
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(1.2.26) Hor3mmggbomod 3egdgmmom

fn($)—£n($—h):/p<z).f(x_%)_f(x_i_h)dz,

(1.2.37)

09 30dM3099690m mgmmgdol 9gdmbobmztm i1bdooms dodggzmmoolbmgol 063 93-
ool 60dbol J398 Bgombg gowobigmol gbobgo wo h-b dogabfidoggom 0-396, 33970900

bowog z € [a+6,b— 6] @on > 3.
30b30b0mmm LHZOMOO

ful@) — fla-) = / o) (1((e-2) =) - r1am) o

Looy 3ogamobbdgom, Mmd n > % .
30000000  Jodbgbs  FomBmgogmo  f(z—) BodEbboob 9Fyzadoo,
e > 0-0g0b dgodmygos dmgdgobmom N (g) obgmo, ®md (0 < z < 2)

f/<($—§> —> —f’(x—)‘ <e, og n> Ne).

09009390 30J0Y@MOm

| fo(x) = f'(z—)] S/p(z)-sdz:e, 04 n>max<%1,N(5)>.

0

008330M00, gmggmo goJbodgdgmo x € [a + J,b — §]-030b g3oJ3L

lim f,(z) = f'(z—),

n—oo

9, 9bdMMa0®Mo, dogomgom

lim ¢, (z) = ¢'(z—).

n—oo

(1.2.38)

(1.2.39)

933wo

(1.2.40)

(1.2.41)

©03fg0mm (1.2.22) 8ggobgde f,(x) 0o v,(x) a96d3ogdobmgob wo [a + 4, b — 0] Lyadgb-

BoLmgzoL

[ =@ 8)* (6= - 2)* (fla) - ¢iw)*do <

a
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<53 sw nle) = onta)|

9 c€latd,b—6
X sup | fal@) +ou(z)] - (0—a—2-0)3+
z€[a+6,b—0)
4 2
+ - ( sup | fu(®) —gon(x)D (b—a—2-6)" (1.2.42)
3 x€la+0,b—9)

f(x—) 3o®dEbgbo Fomdmgoynmol oMo3mgdomdol godm ggodgl

P((a+2) =)< r((e=2) =) < -0, (1.2.43)

n

boogz € [a+6,b—6],0<2<2@sn> ;.
09 9306013690 PYHMMOOL p(2)-Bg gogedMogmgdom o z-0m 3o0bHgadgom (0,2) ob-
(903030, (1.2.38) Fm™d00ob d0gomgom

)
f’((a + 5) - ) < i (x) < f((b—8)-). (1.2.44)
9, 0bamMg0®o, ¢, () a39bdiogdobmgol gggdbgos
)
gp’((a+§> —) < 4 (2) < P((b—8)-). (1.2.45)

8080boody, f/ () o ¢! () B9bJ300ms B08YI3MOMOg00 MObsOMO© FgaMLOBOZMYMOoS
[a+8,b— 6] baBgbeby, ®mEo n > 3. 03@ogee, 89330000 3oROg0EIM Bngomdy (1.2.42)
PHMEM00d0, OHMEO N — 00 O 30300JOM

[ @@+ o) (-0 -2 (Fa-) - a-)) do <

8
<SVB s (5w el
x€[a+0,b—4]

X sup |f(x)+g0($)‘-(b—a—2-6)3+
z€[a+4,b—9)
4 2
+3 ( sup | f(x) —gp(x)D (b—a—2-0°  (1.2.46)
x€la+0,b—9)

LOOMEMME ©O33MNS J-00 BNZoMBY gowoligmo (1.2.46) PEHmmmMoodo, dmEs & — 0.
53 doBbom dgdmgommm dgdwgao BP6Ji00

X((H_(;’b_a](l') . (I —a— (5>2 ‘ (b ;f; x)Q’

T —a
us(z) = Ongd a<zr<b > (1.2.47)

0 Lbgo d90mbgggodo
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BOQIB X 4,555 (7) FOOI00EIOL (a + 6,0 — 6] 06Ha®Zom@ol Foboboomgdge BgbJposb.
3booo, ®MAI
1, ®ogo a<xz<b
0 <us(x) <1, limug(x) = 6 ) (1.2.48)
040 0, UBbgo 3gdmbgggzedo
3030bLgbmm dbmo w(x) gybdiool (1.2.7) gobLobmgmo o ob godEo, ®m3 ol Jgdm-
LoBMgMPmo B9bJoso [a, b] LagdgbpBy. 3owoghgdmm (1.2.46) PYHMeEmos w(x) o us(x)
96J30900L {9g®3dobgodo

VB swp |f(@) - plo)]x

z€[a+6,b—3)

©| o

/bu5($) cw?(x) dr <

X sup !f(:c) —|—g0(:1:)‘ (b—a—2-0)*+
x€la+4d,b—4]

4 2
+-- ( sup }f(x)—cp(x)D (b—a—2-0)% (1.2.49)
3 z€la+6,b—4]

30000300090 B30MHYg JoMgoYm PYHMmmdddo, ®MmEd 6 — 0 0, LOdMEMME, VJOYWMO0

Lobydggm (1.2.8) 9693930390 930Lgoob. O
09000930 0gm®9ds FomIMoagbl 93 30MgMag30L do®omo d9wgal.

®gadgdoel.2.2. 3gogzom, f(x) ool [a,b] bggdgbEsg 06LoF®3M Ao HEbmdo 9FY39-
B0 00mBbgdoo BPbgpoo o O8YIZom, BMI bgmm g30dgb dobo Goodg WPy39d0 fs(x)
00650060 036Fb0dsE0o. gobgobommm fs(x) aybdpool 08mbbgdomo T fs(x) dmdgemg-
00. 80806, 9y 9pbcodo f'(x—) doGbgbo Po®mdmgdgemol Fgbonobgdmow godmgoygbgom
['fs(x) 08mBbggdocmo 8mdgmgool (T fs) (x—) omgbgbo fo®mdmgonaml, swgowmo oggb d90-
©J8 gbIBEIH03IL JBHCAWP OO

b
J@=ap =P (Fam) - (Oh )P o <

<

V3 sup |fs(@) = f(@)](sup |f(@)]+ sup |fs(@)]) - (b— )+

z€[a,b] z€[a,b] z€[a,b]

Neloe)

F2 (s 5s() — f@)]) - - 0. (1250

3 x€la,b]

o33 303900 . Jgdmzommm v0nbodgbo

sup |f5(x) — f(ac)| = c;5.

z€[a,b)

30006 3Howoo, ™I
f(@) —cs < fox),  fo(x) —cs < f(x), ovg x € a,b].
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0J9geb gbgpogm, ®mB vdmBbgdomo f(x) — c¢5 §bJioo Bogm®odEgds f5(x) B9bJzoom

0, 3000LOEOAY, ozMM0Mdd dolo vdMEBYJomo FmIgmgdom
f(x) —cs <Tfs(x), =€ la,b].
dgmdgl dbmog, 83093b
Tfs(x) —cs < fs(x) —cs < f(x), € la,b],

0dgwob 3ob3gbom

sup |T'fs(z) — f(z)| < sup |fs(z) — f(x)].

z€[a,b] z€la,b]

3bOM30YMom 9gdmgommm smbodgbo

sup |fs(z)| = G,
z€[a,b]

3d030b g39gbg00
—cs < f5(x) < ¢, x € [a,b]

LO0EObOE godMAObdMYMOL, MmJ
—cs < T'fs(x) < fs(x) < ¢, x € [a,b],
Jdodoboody,

sup |Tfs(x)] < sup |fs(x)]-
z€[a,b] z€[a,b]

(1.2.51)

(1.2.52)

mgn®gds 1.2.1-80 p(r) 396d300Lb boggmon sgommm I f5(x) 08mBbgdomo dmdzmgoo
©0 Lomobowm (1.2.8) 9ga3oligool domrggbo Bo®gdo godmgzgoygbmm (1.2.51), (1.2.52)
PHMEM0900. 35306 YIPomm dogwogzomm (1.2.8) gbg®89E 039w Jgaelgoodog. O

39600360 1.2.1. 30600000 gOm0 33eMO©OL ddMEOYJoemo BYbJzool JodEbgbo ©o
doOx39b0 HomIMgodygmgoo gdmbgggo gOmIobgml yzgmasb, gommo dgbodmm FgdEowm-
00 ®M3mo©o bLodMOgmoLY, 30L3300m, MMT MgMMgdgoo 1.2.1 @o 1.2.2 LOFIOMWO8boS

0360gmgg doM%39bd Homdmgogmolmgobog.
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®o30 2

3300Ho®dMJ07eg00060

©039Mgb300mM1®0 gobHmmgool
0dmbobLHOL gMo0gbEobL
L?-030@Jb0ds30s 30bo 006500®0
03MmJbodogooll gdgzgmoom

2.1 9dgbogomo

306300 900L 36MoO0mo, MM gHIO0bOLEH YO M3FH0TOPM0 JoOMZoL MMMl Feo-
Log Mo dMEEOL dFMEFObOL GoLOL 039bJ30d 83309gMaBogOL 30M39e0 M0gol 3030 EHMb-
003M00-09edobol 9MOfMR0g 39OHAMPoMTNMJOYNMI005b ©0YPIMIOE300YNE ZObEHMMJOOL
(0b. 3060MLY, LobgbE®o®o [5, mogo 7]).

®mgmMgdo 7.4.11 (30606bo o LobgbE®oMo [5]) dLOdPYMYOL, BMA 3680¢IEMb-003MO0-
093060l gobEMmgool 9dmboblibo (3oM339nw 09690603 300M0g0T0) Ho®IMowggbl bo-
bgg®ow Hobbgdom g39b6J30sl ghmmomogew (t, z) Fyzomol dodo®o.

dgmmg ®0gol 3080EMb-003M00-0gem3ob0L obHMemgool s3mboblbol bobggmahol-
bgdocmmoo x € R™ LogmEomo 33wool 0doM® OEJIo0 0Jbd 0800l O MoMbLOL
309® [1] H30bo 0bsmoBY&E0 IgmMEgoom, HMaMME JgeogL®MOo d1Y3g 30MIOMEPYMO FO-
30L gobEHMMmMgogooLbmgol.

30390, 3mB™Md, 500003 O LOEHMA [2] omdmohobgl gbobodbogo godEo, GmA dgmbg
0301 bLogLgoom dE®NFOR030 30MVOMEYE®O 3IOIMHOMTMJOYYMJ005b0 OGIMIOE30OMYEIO
396 Mmgogoobmzol ggzmogl R” LogMEgdo 9gomo 53l ©dmbobbol hobbgJommaoly
®30Lgool dgbomhbgool ¢ = 0 Lofgobo dMIgObEHOOb MHMoL bgoolidog&o ¢ > 0 dmdgb-
Bobm3z0L Logmdomo z € R™ 33mooll d0do®0.

306300000 36M000, MM 933009L 1-3obBMT0ego00b0 LogMEoL D 0®Mgdo Jodmgo-
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©0 30M3M30L oRPYBoP®mo 3OMEILOL BoLOL BYbJE0d FoMTMoagbl dgmtdg Mogol dodowEMb-
003M00-09edoboL 0MOFMR030 39OIMHoMTIMION™MI005b0 0RIOHJOE0SPYMO ZobEMMY-
001 0dMbobLOL. 3MOJE039™0 ¥3M36900L PIJHILMOOLMZOL 30T0IEMb-003MO0-0geTdboL
396 MmgooLl HgbHo 0dmbLOS Fgxdmgogmoos, 630E M3 §ob30MOMES 3FMbOBLBOL ddgoboly
™o3bH30m0, 0obHEMJo0mo GO MPY00. M3E0doM D0 JoOMZJO0L dbBOZJOS® dYFOMJOJLI0S
v(z,t) 530Lob g3bdool grad v gMOEogbEoLe o dgLoobol Hessv Mogbgomo godmmgmo
00 930960 0MOLO3OMOL0s FBMmM®E v(x, t) Gobol gg1bJgool Joobmmgoomo godmmgmo.

08 0330 3m0308Mdm v(z,t) BaLOL G0l Lmdmmgzol grad v gmMeEogbEol L2
0300 JLodogool dgomel 00 ©sdgzgosdo, ®mB v(z,t) BoHYzMOEBMBBgJomo (bobggdoc-
hoBbgJoemo) g3bJ30oo = € R™ LogMEomo 330l dodoGm.

2.2 9693930390 YHO®M00 @0 d9dmbOB®3HYo
60b93M0odMBOYJomo bJzo0b Lbgomdobmgolb

3obgobommm R™ LogMEoL dMOEBIM0gMmMo JgdMbLOBMZMYYMo Moo dvdMBbgJoemo D JzgLod-
®ogmyg. 993980 v : D — R g9bdgoobmgzgol 9gdmgog3zebmom dgmmg Mogolb Lobeygmo
LHgomogodo

AQUZ% u(:c+h-’y)+u(x—h-7)—2u($)], (2.2.1)

Boog h > 0 bzomomygmo ggmowos, x € D, v € R™ s@ob R™-0b gbmgygemmgobo ggdemmo,
|7] = 1, o ggnmobbdmom, ®md [x — h -,z + h-~] C D.

396V OoB®g®goo2.2.1 (0b. 3060MLS, Lobgbdo®o [5, gobbobmgmgos 1.1.1]).
309300, ®M3 v : D — R 9hygado 396Jd30o bobggz®momedmbbgdomos, oy oOLYOMOL
dMOYomygmxzomo ¢ > 0 3godogo obgmo, ™A

A%y > —c (2.2.2)

bgoobdogdo h > 0, € D, v € R",
[t —h-v,x+h-q] C D. o®ogodygngon ¢ 390dogh gimwgde bobggz®onadmbbgdommm-
00l 39dogo (3Bowos, 080 96 dMOL JOMOINMO).

vl = 1-030L, Voo 0g39mobbdgds, ®m3

u: D — R 9fg39® 896J30oL gfimegde bobggdewhabbgdomo, oy (—u) Bobggdoc-
03mBbYJo00. 3oMZo© 9MOL Moo, MmMA v : D — R 9hygado a39b6di0o 0dmBbgdomoo,
30006 o BmmmE dodob, 0y ol bobgg@OOdMBbgJomos Lomobowm ¢ = 0 dgodogom.
099009300 h3ggb 3odmgzoyggbgom bobgzmomodmBbgdomo 1xbdgogdol ggzogomgbEn® wobo-
LoomYoOoL (0B. 3obamLo, LobgLF®oMo [5, Hobowowgos 1.1.3]).

u: D — R ggbgdoo bobgg®oodmbbgdomoo D o6gdo bobggz®momodmbbggoemmooly
c > 0 390080300, 36806 o FBMEME od0b, HME3O

ue(z) = u(z) + g af? (2.2.3)
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0396J300 ©3mBbgJoeoo D-3o. oy 00gbodbogm

1
vo(z) = 3 |z)?, (2.2.4)

30306 dogomgom
u(x) = uc(x) — c-vo(x), x €D,

BOoObOE PIPommE godmdobsmgmol, ®md bgooLbdog®mo BobgzmoodmbbgJomo 9yb-
J30o MM3omY®o© ogdogobos D s®gdo (ob. g3obbo, go®ogdo [16, 3oGagmogo 6.3]).
MMIZOMM© m0xdogob 0396430900 939036006 I/Vllo’coo(D) L@dMEggzoL LogdEgL o, 8o-
FoLOEOAY, Fo®IMomagbgb Lemommgzol BYbJE0goL gazobLobo o gomMmogadol [16, mogo 4])
®3m3dobmemmaoodo. gb bodbogl, ™A

ou(x) 8u(3:)>

oxry 7 Oz,

gradu(z) = (

LE@OoMmg30L gMo09bE0 dMLIOMOL O MMZOMPMO® gdmbOBMgMYmos D v®gdo. Mow©g-
dobgmol Jgbobodbogo mgmdgdol Jobgwgzom gmgzgmo ™MMIomPYho mogdoi3ol BYbdios
00mJdol g39masb oxng®gbo®goomos, dodobowaodyg, Leodmmggzol gMowogbdo gdmbgggo
3aL039M 3M0gbBHL MmomJdob yzgamaob n-gobbmdomgoosbo mgogaol Bmdol dodomm.

30630b0mm® dyp (), O™Agmoy FoMdmowagbl dobdomol B9bdi0oL x € R™ -0l bgool-
d0g®0 HgoE0m0sb JD LoBwgmodwy.

39000980 ®9gM®M9do 03 30M0g3Mag30L doMomMo©o 890ga00, MMAJMoE3 3. d0d00Tg0molo
©d 3. 368003d300m0b [7] gLodsdobo gMmgobBmTomgoosbo YEmmmMdol gobbmaoagdss.

®Jga®dgoo 2.2.1. 30Jz0m, u @ v @O0 dgIbEZHN0 bobggtro@odmbbggoo
9bgd0oo R™ Logm ol dgdmbobmgmnem mos sdmBbggocr D Jzgbod@mogagdo, bobggtmoo-
d08bggoanmool bomobsem ¢, @ ¢, 0900039000. 580b bLodoGm0sbos dgdmgao Feabosbo
369089150390 B0 U O v 99bJ30goob u — v Lbgocmodobmgol

d2

/|gradu—gradv\2 . ﬁdw—i—/(u—vﬁdw <
n

D D

<5meas D - ||u — v||goo(p) X

X (HUHLOO(D) + [|vl ze(py + 2 max(cy, ¢,) - HUOHLw(D)). (2.2.5)

O3B 30390 0. 153FMVLOO (2.2.5) PYHMMMOd 8303BH303MM ¥dMBbgJomo Rb-
J30900bm30L. FoOMMOE, boHggzMOEdmMBbgJomo RYbJE0gool (2.2.3) obobosmgoowob
30909MM0m, O®A

u = u + max(cy, ¢,) - Vo,

(2.2.6)

U = v+ max(cy, ¢,) - Vp.
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0396930900 0dmBbgJomos D 96gdo. ©ogndgzom, BMI 969Ma9BH039mo PHMEM0os Bodom-
00600 u o v 0dmYbgJomo 36J3og00bmgzol (Lowoy cz = ¢z = 0). do8ob gggdbgodo

~ 2 dj .
/ | gradu — gradv|2 - 29D g 4 /(u —0)*dx <
n
D D
S 5meas D - ||ﬂ - ;[}JHLOO(D)(HﬂHLoo(D) + ||€JJ||Loo(D)), (227)

Boooboy (2.2.5) FM03009YMo© godmdmobomgmob.

0dobom3zgol, ®MAJ (2.2.5) JgxolLgds ©o303E303Mm bg00LAogMo oMogmygo dgdmbo-
B03Mm9mo 39YbJ30900L O dMOgmY30 9dMBbgJoemo D 0MHggooLbmgol, H3gb Oa3z30M©YOd
30390bemm3gm dom LoMOboM geYz0 3oM0bEHJO0m. 63 JoBbom godmzoggbgom gogmy-
3900L LEVbLIOENM BHIJD030L 930bbo, goM0g30wOb [16, mago 41].

d9dmzommm ombodgbgoo

u(z) = " / n(k(z — ) - uly) dy,

b k=1,2,..., (2.2.8)
nla) =k [ 0k =) -v(w) dy
D
Boogs
1
C - exp (—), if |z| <1,
n(z) = zf? =1 ! (2.2.9)
0, if |z| > 1,

©o ¢ > () 39dogo gobobobmgmgdo

/n(x) dx =1

R

MO0, 7(z), z € R 396dosl gfimegds 308s3ma3909m0 BI6JB0d. 30O
3b6moomo, OMI ug, vp, k= 1,2,..., 0396d30900 gLobOYDME 0ggMgboMgdswos R™-
do. 390060 [20] 0890L D 9®0ol obgm gmyg ©oo 8dmbbgdoem Jggbodmogmggol D,,, m =
1,2,..., ®03gmonomgzgobog bLEOYmEIos

Dy C Dy € Dy € D and | | D,y =D (2.2.10)
m=1
030bmob ID,, € C*, m =1,2,... . @d35g0Jbodmm bgooLdogho m, m = 1,2,... .
godbo®gogmo m-mgzol gobgbobmgdmm k£, 99dwgao Halom

- :inf{k: %< -dist(Dm,aD)}. (2.2.11)

1
2
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OMEO k 2> ki, 003000 0ggb d99©g3 ©HME0dgoL

ug(x) = / n(z) u<x - E) dz, x € Dy,
poD (2.2.12)
vg(x) = / n(z) ~U(x - —) dz, x € Dy,

B(0,1)

BO0ObOE 930md HObL, MmMJ

Up, Vg : Dy — R, k> k,,
296930900 03m¥b6gdomos D,, LodMogmgly.

9306L0, 30®09300006 [16, m0g30 4, mgm®gds 1] gmgonmmom, ®md LP(D,,), 1 < p < oo,
Log®mEgdo

Huk — uHLoo(Dm) — O, ||Uk — UHLOO(Dm) — 0, (2.2.13)
k—o00 k—00
ouy, ou ovy, ov

— — =1,...,n. 2.2.14
al'i k—o00 61’2 7 8ZEZ k—o0 6@ ! 7 " ( )

A 0gmb 0o3cmobob m3gMaEm®o s BoJbo®goymo m-mgolb gobgLobwgmmm fmbob A, (z),
r € D, ®96J300, ®mgmedg eo®obmgls 393wgz0 odmpobol

Ahy(z) = =1 Dy,-8o,
hm(x) =0 9D,-%y,

(2.2.15)

90000gMOH®M0 8dMbsHLOO.

30000006 D, 3730 0MJo, d00oMg, HMHY0bggmowob [17, mogo 6] gggz0dmos go-
dm3094gbmom mgm®gds 6.14 o ©o30L3300m, MMA (2.2.15) o®Mobglh 6dMEabol goohboo
9O®oIMm0 H,,(x) 93mboblibo, ®mIgmoy gemygzos D,, o®0ob Lobmgmol homgmon, 869
B € C?(D,y,). 30@0l demog®o 3oJuod7ndol 360630300 3mgdnmmdm

B () > 0 Dy,-Bo. (2.2.16)

gobgobommm B(a, R) d06mgo obgmo, ®md D C B(a, R) o gobgobommm dglododolo
©0MoHgl oMb
Ahg(x) = -1 B-0o,
hg(z) =0 0B-%g.

(2.2.17)

93060136900 33MEO6OL JOMOEIPIM0 ¥TMbobLBO IM0o3gds d9d3wgao gbowo Lobom

R? — |z — a? =

hp(x) = o , T € B. (2.2.18)
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hp(z) 96d30o 0300gmz0emgol 0303g gobdHmemgost D, s®gdo

AhB(m) =-1 Dm-ﬁo,
hB(l'> >0 aDm-%{],

0J90b hg — h,, LhgomodoLmgol gmgonmmom gobEmmgdol

A(hB - hm) =0 Dm-ao,

(2.2.19)
(hg —hm) >0 0D,,-%g.
03039 30gdbodyndol 300630301 §odMYygbgoom 3IOYEMOm
hom(z) < hp(x) D,,-90,
09906 30 godm3obMIMOL YEMMMOS
R? —
0<hp(x)<—, €Dy (2.2.20)
2n
dbgogbo dbrgmmoom gobzzbom, HmJ
B () < hypyr(2), o € Dy, (2.2.21)

03 03039 JBHMMMOS dMHJOd L0060, M9 Ay () B96J30g0ob BHD0g00mPMow 3ob-
30803000 D,,-0b go®gm (569 5300900 0-0b FHaD).

00330M0©, 3mgoYmMdm, ®mad h,,, m = 1,2,..., 0®395mOygmxu00 0396Ji300ms d0dgg-
MM00 9G93 J0d©0d O JgaMLOBM3zmYMod 3xd0300, oTobodY, oL goohboo Bmgo®o

R2
hoo(z) = lim h,(x), 0 < hy(r) < —, 2.2.22
(z) = lim h(2) (@) < o~ ( )
bowog = € D.
obo Hggbo 30B0b00 hy () BYBIB00LMZOL ogo©az0bmm Bgdga0 YHMMMOS
d> —
hoo () > f’D—(x), x € D. (2.2.23)

- 2n
030000 D o®ob 6gooldogio 2o € D FadEomo ©o 0300homm r > 0 obg, G0 B(zg,r) C
D. 30600006 | J D,, = D 3ob3gbom, ®m3 o®Lgdmolb obgmo mg, ®™3
m=1

B(xg,7) C Dy, 09 m > my.
30bgobocmmm B(xg, r)-80 @o®obmgl sdmEabo

Ah(z) = =1 B(zo,r)-3o,

~ (2.2.24)
h(z) =0 0B(xg,r)-%g.
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(2.2.18)-0b 9bommao®om 330J3b
N 2 o |2 o
Ry = =l B ). (2.2.25)
2n
B(zg,7) 00®m330 gobgobommm h,, — h bLbgomodo, G®MEd m > mg. 0L 8380gmGomgoly
33MOLOL obE M gosl
A(hpy —h) =0 B(xg,r)-80
3990930 LOLOBMZOHM JoOHMO0Mm
By — b > 0 0B(xg,1)-%g.
30JbodyxdoL 300630300 3MWYOYIMOM
hon(z) > h(z) Bz, r)-9g. (2.2.26)

93000130690 PYHMMO00T0 9300MM * = X, 339090
2

hon(0) > ;— GG m > mo. (2.2.27)
n

OB 80130090 Hm3zoMmby, MMEo m — 00, 3030090

7“2

hool(z) > — .
(z) 2 2n
8030LfMoRMM 1 33to©0 dyp (o) LooOLZID, Fd80b LooMEMMME FMIOYMMIM

d%D(xo)

hoo(x0> > , Ip € D,

M3 PoMm3Moagbl Loby®dggm (2.2.23) PYEHMEMOSL.
©0399030JL0OM®M M O d300M®m bgooLdogto k£ obgmo, GMA k > k,,, LOOG k., 3obLo-
B0g3mYmo00 (2.2.11) Fammoom. (2.2.12) gm®3gemgoood 30300, OMA uk, vx 390J30900
QbobEHYMME ©03gMHIEE0MIOo©0 vdmBbgJomo B9bJsogdos D,,-bg.
d9dmz30mmm 50mbodgbo
Wy = Up — Vg, k > k. (2.2.28)

030960006 H3gb MoBgbrgMIg 300mgoygbgdm gMobol 3emobozn® gm®agwmsl D,, bod-
®ogmady 3ea30 BIbJogoobmgol.

330d3b
/ AW} - hy, do = / wi - Ahy, dov — / w - (grad Ry, Ny, do, (2.2.29)
Dp, D, 0D,

bo@IG 1 (2) = (Mg ())i=1,...n FOOBMO@EIOL = € ID,;, FaBow@Bo gogmwdam JHMIY-
mM3gob godg bm®Bomb, do,, 30 9®ob D, s®0ob LoBWg®OL (17 — 1)-gobBmdomgdosbo Hmao.

83093 .
aw =23 (5
i=1 ¢
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0d9®0b 3@ gog@Mom

2ng<

) 2
) hmda:+2/wk-Awk-hmda::
(9951-
Dy,
_ 2 2
=— / wy dr — / wy (grad hy,, ny) doy,, (2.2.31)
D, dDy,

303000 3030Mmmo0 Fomangoymol goblobmg®mol godm = € JD,, FagdEomobmgol dga-
300000 og3hgMmm
P () — (2 — - )

=1 <0. 2.
(grad Ay, 1) ltlf(r)l ; <0 (2.2.32)
(2.2.31) HmMM0080 0g300mm wr = 1, 30g0Mgom
/ (grad hy,, ) doy, = — meas D,,. (2.2.33)
8D
(2.2.31) 08039000000 33043L 99900930 YHMEIMOS
2/ | grad wy,|*h,, do + /widw <
Dy, Dy,
< 2oy [ 1Bus = Auifh do
Dy,
+ w7 e, / |(grad b, nyp )| dor. (2.2.34)
ODm
303000 uk, v 396930900 93MBOgJomoo O ddoEHmJ
Aui >0, Avp > 0. (2.2.35)
(2.2.32) @5 (2.2.33) $mmm0goo@sb 30b33bom, MmA
/ ‘(grad P nm)‘ do,, = — / (grad by, ) doy, = meas D,y,. (2.2.36)

8D 0Dm

0J9©ob 30gogmmom dgxsbgool

/|gmdwk|2 - (2hy,) dx + /widm <
D

Dp,
< 2||wk||L°°(Dm) / A(uk + Uk)hm dx+
Dy,

(2.2.37)

N—

o+ meas Dy - |l e, (10l 222 01y + N0kl 2220, )
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30093 9OHmbgm godmgzoygbmm gmobol dgmtg BmmIgmo

/ A(uk + Uk)hm dr =
Dm

= /(uk + vg) - Ahy, de + / (ug +vp) - (grad by, —ny,) dop, <

Dm D,
< <||Uk:||L°°(Dm) + ||UI<:||L°°(Dm)> - meas D,,+
+ <HukHL°°(Dm) + HkaLoo(Dm)) -meas D, =
= 2meas Dm(HUkHLoo(Dm) + |]y,,€||Loo(Dm)>7

BO0IbOE 30JOPYMOM
/ A(ug + vg)hen dr < 2 meas Dm<|\uk|\Loo(Dm) + HUkHLOO(Dm))- (2.2.38)
D"’L

(2.2.37) @ (2.2.38) 93 mMmmm0g00w0ob 3mgonmmom 9ggebgosl
/ | grad wy|? - (2hny,) d + /wi dr <
Do, Do
< 5meas D, - |[wil 2 (p,) (||uk||Lm(Dm) n ||vk||Lm(Dm)). (2.2.39)

09 3030m30cmobHobgom (2.2.13) o (2.2.14) bm®dom 3BHrgooMogolL o P30bsL3zbgm
39930190030 goOgomMm BMZgoMYy, MMEo k — 0o, 33976900

/‘gradu—gradvf-@hm)dx—i—/(u—v)deS
Dy,

m

< 5meas D, - ||u — U”Loo(Dm)<||u||Loo(Dm) + ||U||L00(Dm)>. (2.2.40)
d93330mmm m booom m + 1, [ =0,1,2,..., 05 (2.2.40)-0b dotbgbo Fbodg d93B0+-
oo D, bLodMogmglbyg, dodob dogzomgom

/ ’ grad u — gradv‘2 - (2hpmyy) dx + /(u —v)?dx <
Dy, D,
< 5meas Dyyr - |t — 0]l z<(p,, 0 (||u|yLoo(Dm+l) + ||v||Loo(Dm+l)). (2.2.41)
d030LFMogMm | YLabOY@O0L3gb, 33gJbgoo
/ | gradu — gradv‘2 - (2hoo) dx + /(u —v)tdr <

D D,

<5measD - |lu — ’IJHLDO(D)(HUHLOO(D) + ||v||Loo(D)>. (2.2.42)
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09 IHg0039cmmM00d0 30g00gom (2.2.23) 9g030LgooL, P3oboL3bgmo YEMMMMO0b 3394090

2
/‘gradu—gradvf-%—Ddx+/(u—v)2dx§
n
D,

m

< 5meas D - ||u — ]| (p) (||u||Loo(D) + ||v\|Loo(D)). (2.2.43)

0 399030190000 0300Mm v = 0, 30806 dogogoMm 9gawIZ PEHMMOOBY:

d2
/ |gradul® - —22 daz < 5meas D - Hu||%oo(D), (2.2.44)
n

D’In

Mmmdgmois 330hggbgol, ®mAT (2.2.44)-0L domibgbo FHomg Mmobod®o FgamLobmaz®m o
m-0b 303oMm® o, JoJoLosdy, BB dooligmom dogzomgom

d2
/|grad ul? - =22 dx < 5meas D - [ (2.2.45)
n
D

Vowog v : D — R bgooldog®o 9gdcmbLobmztrgmo 9dmbbgdomo a39bdigoos, beaem D bg-
00L30gco dgdMLOBMZOH Yo Moo ¥3MBBgJomo Jggbodmogmygo.

030800, 9933000M00 300030090 BM3o®MBg (2.2.43) PHM@@ddo Mol dgogaemss
309090mom (2.2.5) LobyMgzgm d9530L900L FgadmMLOBE3B Yo vdMBOgJomo BYbJzogool-
®30b. O

dgogao 221 gojgem, up : D — R, k = 1,2,..., o@0ob bobgghrosdmbggocn
0296J30000 80893609, b5bgg6rI0@3dMEbYJoMd0l ghmo @ 03039 ¢ > 0 dywdogoo.
00398300, GMI gb Jodggmmdd 00b60G® 03000900 HPY39H0 U BYbJEooL3gb L>(D)-
do. 3o80b o300 0J3b 90wg8 9990bgool

d2
/ |grad up — gradu}2 - 9D gy < 5meas D - ||luy, — || oo (py X
n
D

X (2||u||Loo(D) + |k — ull oo () +2c||v0||Loo(D)). (2.2.46)

Jom ooy, 07 3030b6Lgbgém (2.2.2) bobygmosedmdbggocnmdol 30blbosmgiol o dobdo
800030MM FMZo™Bg, Mo k — 00, 0030MO® 130b33000, GMI GmgoGomo u(x) 0yb-
JBoo 9809039 6569360 @3IMBbggocmos, bobggirowsedmbggocmmdol 03039 ¢ dnIogoo.
obemo godmgoygbmom (2.2.5) fmbosbo gbgmaad039e0 A0S U, ©d u R9bJpogool-
030b o dogomgdo; (2.2.46) 3990b900b.
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2.3 60bH93MosdmTbYJomo xbJ300L 3gMO0gbE oL
L?-0300db000300 000%6gJomo dmdgmgool
39039m00m

39b30b0mMm 933m0gL n-gobtmdomgoosbo LogOEOL dMOBIMogmo Fgdmbobma®ygmo
®0o 0dmBbgJoemo D Jggbod®mogmg o doblg goblobmgdymo VHgzgdo 9gdmbobmgmy-
o u(z) gg9bdgos, u : D — R. u(x) g9bdgool 08mBbgdomo dmdgmgoo gobobabmg®mgdo
MmMgmdE gzgmo 0d 08mBbgdocmo g3bdgool bd®mgdyndo, MMBMYo0E JogMMOMEIO050 m-
8999m™o u(z) BIbJoom

I'(u) = sup {U(x) : v(z) 00mbbgdoemos D-do,
v(z) < u(z) gmggmo = € D—mgoh}. (2.3.1)

3mdgzom, u : D — R §omdmoagbl 9990gg0 (LoBmaommm, Loghgoom dMOFMR030) 396-
dmfo®dmgoygmoobo ©0g3gmgb30om®mo gobEmmgdoly 5dmboblibly

F(z,u,grad u, Hessu) = 0 (2.3.2)

030l 0bomoBY®o Lobg H3zgbmzgol PEbmoos, Bog®od 3bmoomos, MMB u(z) Bobggz®awe-
dm¥bgdoemo (bobg3zmomhotbgdoemo) gnbdEood bobgzmomedmbbgdommdol ¢ > 0 dywdo-
300. 0037930m, ®MB Hg®HYdo Ym0 u(z) BPYBIB00L MO6ddMO us(z) 03BMILoogool
38900, 06y

|us(x) — w(x)| Loy = 0, Gags § — 0.

B3ggbo BoBobos PEbmdo u(r) gubJool PEbmoo grad u gMmoEogbEoL L2-03®mJbodsgool
98900 M0b000M0 U5 93OMJLodoE00lb dgdzgmoom. PYudm dgE o3, LobYM3gmos goggaehbogl
300009630 L2-800b@mgool 9gaomdol dggobgde u(x)-ob L>®(D) dosbmmgdol dggom-
dol BH9g®dobgodo.

©03000bB03m, M3 dbgmo 3MbLEFMYPYJE300 TgLodmgogMod S 0l gy DbMBOS ©dMBBbYJo-
™o dmdgzmgool (2.3.1) 3bgoobo wo (2.2.5) gbgmagHo3nm PHMMMOSL, 06y 39obzomgly
3900969079 Hboob YEHMEMOSL.

u — I'(u) obabgolb goohboo ®odwgbodg LoobEgdglm mgobgde

@ gdo2.3.1. u— I'(u) obobgo 0380gmn0mgol mondogol m30bgdol
IT(w) = T'(0)l[Lee(p) < [Ju—v|[L(p) (2.3.3)
bowog u,v € C(D) N L*(D).
o33 303900o0. Jgdmzommm 60nbodgbo
d = [lu = v][Lee(p),
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3d030b 339gbg00
—d < u(x) —v(z) <d,

oby
v(z) —d <u(x), ulx)—d<o(z).

30 3oboodg, dogomgom
IF'v) —d<wu, T'(u)—d<w.

gL 60860gL, ®M3 v3MBBgJomo I'(v) —d o I'(u) —d 939b6J30gdo Bogm®oME0056 Lomoboom

u, v 9396J309000.
0dmBbgJoemo dmdgemgool goblobmgmgool mobobdow g3g9Jbgos

[(v) - d <T(u), T(u)-d<Iv),

36y
—d <T'(u) —T'(v) <d.

03®0g00©, 300g09mMom (2.3.3) YHMEMOOL. O
09 3obJo d03YzOMO0m HogLgodm u = 0 o v = 0, Jogowgom

F v oo < v oo s
IP@)lz=(o) < Joll=co) 0.3
IT ()| oo 0y < l[ullos(p)-

Fobowowgodo 2.3.1. u— I['(u) obobgolb C(D) N L>*(D) bogbpgbg goohboo dgdwgso

06003b69cmgz0b60 m30bgdo

d2
/ | grad I'(u) — gradl“(v)|2 : % dr <
D

< 5meas D - ||u — v (p) (HU,HLOQ(D) + ||v||Loo(D)>. (2.3.5)

o003 303900. (2.3.4) 9300006 gz0d3b, ®mB I'(u) ©o I'(v) 0dmBBgJocmo dma-
30900 9gamLOBM3zONY0s o ddoEMd 9gagodmos godmgoygbmm (2.2.5) gbg®mgadoanmo
IBHODMOd

dQ
/ | grad I'(u) — grad F(v)}Q : % dr <
D

< 5meas D - |T(u) — r(v)||Loo(D)(Hr(u)nmm + ||r(v)||Loo(D)). (2.3.6)
93 2.3.1 o PYEMEmos (2.3.4) oLodxmygogd Hobowowgods 2.3.1-L. O

obmo gobgobommm (2.3.2) gobymemgdol dgdmbabmg®gmo u(z) 0dmboblbo, GmIg-
O3 6339001 MbobTo bobggzMoodmBbgJommos bobggzmoodmBbggommool ¢ > 0 Ic-
80300 o us(z) 30bo gboosdolo MeboddM0 03BMJLodoEossd

lus = wllpo ) = 0. (2.3.7)
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obmo gobgobommm dgdmbobmgdgmo 9Hg39@0 B9dJi0900
U+ c- vy @ U+ C- v (2.3.8)
©d domo dgbooodobo sdmBbggoemo dmdzemgoo
['(u+c-vy) @0 I'(us+c-wvp). (2.3.9)
39000930 0g®gdd Fomdmomagbl 2.3 30MmogMmogol doMomowm d9wgaL.
®gea®gdos 2.3.1. ygbmoo u(x) @ybdpool Hpbmoo grad u-mgolb bodoGoreosboo Jgd-

0 L? fboobo 8900L900
©Ja JB00g

2 2
/ ’grad(f‘(u(; +c-v) —c-vg) — gradu’ 9D g <
n
D
< 5meas D - |[us — || Loo(p) X

x <2HUHL°°<D> + [Jus — ul[ Lo (p) + 2C|\UOHL°<>(D))- (2.3.10)

@O0 B30y IoOod. u+ cy @ u+ cyy YP6J30900LM30L odmgzoggbmm (2.3.1)
Pobowogodo, 339406900:

/

D

2

2. d
grad D(us 4+ ¢ - vg) — grad D'(u + ¢ - vg)| - ~22 da <
n

<b5meas D - |[usg — || Lo (p) X
X <HU5 “+c- UOHL‘X’(D) -+ HU-}—C UOHL"O(D))- (2311)

(2.2.3) bobgg®oodmBbgJommool 30M0EHgM0930wob 308m3obotg u+c-vy B9bJE0s dIMB-
6gdomoo o, 3oobowodg, g8mbggge ol 08mBbgJoe I'(u + ¢ - vy) IIZegoL. 03z3oMow
30909MMOm:

grad'(u + ¢ - vg) = grad(u + ¢ - vg) = grad u + grad(c - vy),

M0 MIMMJTd ©OTHI0EIO MO0, O

8585Lo®sdY, 936d0 B96JEool grad u-b L2-03®mgbodoiool 5dmEsbs ©s0yggzobgoo I'(us+
¢+ vg) 93mBbgJomo dmdgmmgdolo ©o obo gMoogbEol gugdda® MoEbgom omgmoly.

9936036mm, ®™8 09 936Md0 u(x) 98mbBOBLBO ¥8MBBbgJomo BYbJE0ss, 30806 PbmOO
grad u 93MmJbodo®mgos grad I'(us)-om.

00 30M0gMox0L 0mMEML dmgzoygobmm (2.2.5) 9bgmagE03gmo JEmmmool gohmo go-
dmygbgoo.

3980bLgbgom, MMA hoggEom C' C R™ Lod®Mogmgdwg dobdomol g3bdos dgdwggboo-
M0 3oboLobmgMgoo

de(x) =min|y — z|, =z € R™ (2.3.12)

yeC
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38600005 (0b. 3060@LO, LobgbE®o®o [5, Fobowowgds 2.2.21), ®MI d2 ds6domoly
33000030 93906300 bobgzMOhotbgJomo ybJzoos R™ Log®mgdo, bobggz®oodmbbggo-
o0l ¢ = 2 3ydozom.

3obgoboemmm B C R™ 00mmgo o R™0b m®mo 3gdmbabmgdgmo hozgdomo C' oo C
LodMogmyg (39MJdmME, 0bobo Fgodmgoo Ho®MmIMOEzgdEbIb oo LEdMogeggool LoV 3MmgoL).
09 (2.2.5) 9690333030 9Hm@d0To Boglgagm (—d%) ©o (—d%) 6obg3moodmBbgJoem
03996930901, 30306 dogomgom 3gdga LoobEIMgbm Fgrolgool:

d2

/|gradd% - grauda%}2 - 98 dy < 5meas B - ||d% — d%|| oo ()X
n

B

x (a2 llzcm) + 18] =) + Alvolliem) ). (2.3.13)
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030 3

390b63009b fmboobo dgodmnbgogmo
PHOEM0d 0 30M0MYOH0 BLYLbFHO
1Y003MbOHLOHOL LHZoMOoLMZgOL

3.1 dgLogomo

LLE BLPOSAMbIBLEOL LCOME Y30l VBGOM MYZY OO MO3EBOL M3GHOFHMOOLMZOL
306300 3bMoomo 3mmobognmo d9wgg00. JoOMMOE, 933m0gLb LogMEol bgooLdogmo n
306Bmdogoobmgoly 3603000 33moob 103003 Mbogmo
u(zry, ..., T,) 996dgoobmgol dobo Leommgzol grad u(x) gMOOLbEOL dGLIOMOS O M-
309®0 L2 0639309000m0dd ©5bodmgomo 0g6s moboazobyob [22, mgm®gds 3.4] do-
96. LEOMEY3zoLb 3MO0IbEHOL dMLIOMOO BOTPOMIOOL 330dmg3L OZOLOOYMM® 370b3o-
gL 90609069070 PYEHMEMOS (3ohom3Mob o030l YEMEMOs) JEoRLYMO o 306VOM-
YO0 gobHmmgodgooL 1Yo o LY3gH ©dMbOLLBYOOLMZOL.

30600MMPYOH0 0xRIMNIoF00 YO0 obHMgool LYLbEo vdmboblbgdobmgol 3gobzetgl
3900969090 9B MEMMOJ00 IHIZ03J0Pm 0dbd 30696gbolo o mggolol [23, mgds 3.2]
0 3003000090601 [24, gdo 3.2] 09®. 30680MMmMYO0 E030L gobEmmgogoolbmzol g3Mo-
30630 [25] dgdmoygobo bgLigo LYdsdmboblbol 36g0s. 63 MogzolL dodomowo doBobos I¢w-
3033093030963 900000 fBR0g0 dgmdg M0golb 30M00MEYM0 0RgMIbEodMYMO obEHM-
90900bomM30L M0 bYOdTIMbIBLEOL BLHGOMOOLMZOL 37003009l Fg0EYbgOYO YHMEM-
00L ©O3E30(3J0o.

00 0300 13330M©I00 90980 vbodgbgoo.

B = B(xg,7) 04ab 000 d00Om30 gzzmog® R”, n > 1, Logd®gdo, zo 3gbd®om ©s r
®oogbom, r > 0, bawmm B = B(xg,r) ogab 30bo ho3gpgo.

Q(r,s) 3omob®mo gobgbobwgmmm 8gdwggboodow: Q(r,s) = B(xg,r) X (s,T — s),
bowog (0,7") 063 g®30em0 0ol J0MOMO©O EMMOM0 06HIMZomo, Hawm s 83809gMBogdL
0 < s < T/2 300000b. 99m06b3gdY0O0Lmgol 0gbodbmm ) = B(xg,r) x (0,7).
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C(Q(r, 5))-00 5003860860 9fig3ad BabIsooms Logdig Q(r, 5)-Bg.

L>(Q(r,s)) o0b03bogb Q(r,s) 3omob®bg gobbodmgdym Bgdmbodmgdym (m. .
dx x dt) 39bdEoomo LogdEgb.

C*H(Q(r, 5)) Fo®dmMowagbl LogdEomo = = (71,...,7,) 6zndghdol dodo®mn mORIG
90939300 FoMIMgoo o @OMomo t 963xadgbEol dodotm ghmbgw VFy3gEee Fomdmg-
000 396930000 Logdigl Q(r, 5) Po3gH3oby.

CoH(Q(r, 5)) bog®gg ogeb 93060b369@0 LogHgol Jagboghg, GmBgmog Jgoagde
Q(r, s) 3omob®Yg gobLoBmgmPMo 30330JB M0 IBool dJmby BNBI30gd0LE6.

3.2 19LBo 30M3OMWPYD0 1YO6INbIHLHJOOL oz g9

Q) = B(zo, R) x (0,T) 30e0b®¥g gobgzobommm dgmdg Gogol 39©0dogzmgzo3ogbygdo-
060 HOR030, 30M00M@PYM0 3gMIMHoMIMYJOYMo P0GIMHIOE0dMYD0 M3JBOFHMMO:

n

Du(x,t) Ju(x,t) Ju(x,t)
=y oo, ;b Py culw, t) — ==, (3.2.1)

2,7=1
boEOE a;j = aji, 1,j = 1,...,n, @ dobo IggmmIogmo M3JOHOHMMO:

. = 0?u(x,t) ou(x,t
Lu(z,t) = Y ay - o0 Zb 890 culz, t) + (8t ), (3.2.2)
J ; (

1,7=1

08390m0obbHbdgoo, OMI Lu M3JOOFHMM0 M0bOMO® 30MOI0MMYM00, 9bY

> ayyiy; = alyl’, y R, (3.2.3)

ij=1
a > 0 30600 yc Mool I9wdogom.
Q = B(zo,R) x (0,T) gomobo®g gobbabmg®gm 8gdmbodmgdygem Bmdoo u(z,t)
B36J50ob gfimegos
Lv(xz,t) =0 (3.2.4)
396 Mmgool bLgbEo 3oMOdMEYPY®DO 1'YosdMbobLbO () Fowob®To, MY Cg’l(Q) Logm3oL
gmggmo o®oPomMygma0mo v(z,t) 39bdioobmgol LOYmEgds gdgao YBMMMOS

T
//u(x,t) L*v(z,t) dedt > 0. (3.2.5)
0

B

H39b 1333000900 (3.2.4) 306 MmgooL LYLiBo BiYoddMBIHBLbYOOL 83BMJL0TOE30d Fem-
30 LYOOdMbOBLEJO0m o 83 FoBBom H3gb odmM3z09Ygbgom d3MMJLoToE0oL 3eabLogn® BId-
6030b (0b. go0oMa0 o FOYobggmo [17, mogo 7]).
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d99m3z00mm

1
cexp <2—), 0y |z| <1,
pu(2) = 2[2 =1 (3.2.6)

0, og |z| > 1,

bowoy z = (21,...,2,) € R", n > 1, bame ¢ > 03908030 gobobadmgmgde [ p,(z)dz =1
R
BMEMO0©S0.

30630b0mmm () 30mobE®Yg gobLoB®gMmo gdmbobrmgmymo Bmdowo u(x,t) gyb-
Jsoob 8o3@3goo

up(z,t) = h~( D

/pn(x;y>p1<tzs)u(y,s) dy ds (3.2.7)

B

St~

6900b3dog&o h > 0-mgob.
003b0dbmm

_ oy o p—(ntD) T —y t—s
pn(r —y,t —s)=h Pn< N >P1< n >,
30006 3bowoo, MM 9a0mo 8J3b Jgdwaz BHMEMMOJOL

B (6 yitms) = — B
0? 0?
T, pr(x —y,t—s) = 900, pr(x —y,t —s),

ph($ - yat - 3)7

%

O oz =yt =) = 2 pula— gt — 5)
— Pr(T — —S)=—=pnlT — —S).
ot Ph Y, Os Ph Y,
9300013690 FHM@M0g000Ob 0EIOMOE FWIOYMMOM
Lx,tﬂh@ - yat - 8) = L*,sph(x - Y, t— S)? (328)

Bo@oG Ly o Ly 00603603 00gg®gb300mg®o m3g@opmdgool omgdol (r,t) s (y, s)
330900l d0docm, dgbododobow.

09 (3.2.8) Hm@m@oobo o (3.2.7) 3obLobmgmol dogowmgoom IHg3zgm™00do, dogwo-
30Mm 990093 LoobHgOgLm FHMEMOOBY

T
L, up(z,t) = //u(y, S)L;sph($ —y,t —s) dyds (3.2.9)
0 B
6900L3dog&o h > 0-mgob.
30J300,
k+1
=—R, k=1,2,....
Tk kf—|—2 ) ) &y

©0 3obgLobmgMMm BomobwMgoo

T k+1 >,

T
Qr = Q(Tk>m> = B(xo, ) X <k—+2’k—+2 (3.2.10)
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99900930 0gm®gdo obooxmgdL, M™I gmggm Q) 30mob®do, uy(x,t) Bnbd3ogdo Fo®ddm-
0039690 33 30G00MEPYM 100dMbobLDHYOL, Logdotobow dgodyg h-mgob.

®ga®gdo 3.2.1. Q = Bz, R) x (0, T) gomobo®mdo gobgobommm babpo 36Gs-
0m9®o u(x,t) byoodmboblbo. od0b gmggmo k-ogolb, k = 1,2,..., o®bLgomob obgomo
h >0 600050 < h < h gggms up(x,t) @9bgdpoo Po®@dmowggbl a3 30MdMm Y6
b90odmboblbl Q). Boeobwo®mdo, oby

Lup(z,t) >0, o9 (z,t) € Q. (3.2.11)

03303900 . ygnggmo k-mgob, k£ =1,2,..., Jgdcmgommm gobbobmgmo

h = min (z(lc}i 2)’ 2(15r 2))'

(3.2.12)

300300 000 36mo0mo, ®™3 6300L3ogmo h > 0-030L up(z,t) B96dEos PLOLEYmME
©0gg®9bE0MYOo©os Aobo (z,t) s®gndgbygool dodsdm R™1-Jo.

99300mfdmm, G®md 6goobBogmo (z,t) € Qr-m30L pr(x — y,t — s) 0GOL 3I3odEH Mo
8%00b 3Jmbg 939bJ0o Q) 3oM0bE®Bo, BMEaM®O (v, s) Fyzomob gybdsoo.

JoOMMO3, 3063LOBMzOMM @k 30m0b®o d990gabooMow

. 2% + 3 T  2%+3
:B( i ) ( : T). 2.1
@ 0 o2 ) a2k 1 4 (3.2.13)

30630bommm (1, s) & Qr H9g000, 35806 0b y & B(xo, ;’g—ii R) obo s & B(TT+4 ) %ﬁ )
30039 d9dmbzgzo0o 3303L

2k+3  2k+2
2k+4 2k+4

1
— R=—F—R>h
ly =zl > ( ) 20k + 2) ’
bomem dgmdg dgdmbgggedo

2 1
|t—s]>< -
2k+4 2k +4

>T>h,

8000bo©odg, m®ogg 8g8mbgggodo gobggbom py(z—y,t—s) = 0. 0Jgob gmgdgmmom, Mma

9®IPOOYNB00 I3 pr (T — Y, t — 5) BY6JG0ob, Ogm® (v, s) fygowob Babdgosb gooh-
600 3m330JHYdo IBowo ) 30mob®To, oy h < h o, 30Fobowadg, LYLEBHO 3oMO0MMY®O
u(z, t) 1:9009mbablbol 3obBo®EHJO0©b ZLIOPMMOM

T

//U(y, s)Ly opn(x —y,t —s) dyds > 0. (3.2.14)
0 B

bbgo LoByggdom (3.2.9) HMEMO0ED 3oLagbom, ®MI Luy(x,t) > 0, oy (x,t) € Qk ©o
h<h. O
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3.3 3m™Y30 30M50m Y0 1'Y060dMbobLbgool dgdmbgggo
h396 30§9g0m 3cmLo3 Mo gMoboL 03039M00m (0b. RM0Tdb0 [33, Md30 6, 30MOgMOg30 4])
h(z,t) Lu(z,t) — u(z,t) L*h(x,t) =

_ é Li (h(l’,t)aij %Z” — u(z, t)ay; 8ha(;6; t))+

0
(9:1:1-

+ biu(x,t)h(x,t)} - % (u(z, t)h(z,t)), (3.3.1)

bowoy  h(z,t) o wu(z,t) 8mpgdymo  Q(r,s) 3omob®obmgol  93nmgbosd
C*1(Q(r, s)) bogdpab.

08 m03d0 hggb gobgobomogm 3mbzMgH Mo Lobolb gemyg h(x,t) fmbolb ggybdioob.

h(z,t) = (r* — |z — zo[*)(t — s)(T — s — 1), x € B(xo,r), (3.3.2)
s<t<T-—s.

830J3L
h(ZE,t) >0, 0y ($7t> < Q(T78)7
h(z,t) =0, oy x€dB ob te {s;T — s}.

(3.3.3)

b 30G08M0g0 90036900 89300930 MgM®JdoL ©OTEZ0EJOOL.

®gadgdo3.3.1. Q(r,s) gomob®do 3063060 m@o 6goobdogho 3enygo u;(x,t),
i = 1,2, 306000m7®m0 bpdsdmboblbo, 06v) u;(x,t) € C>1(Q(r,s)), i = 1,2, ©s

Lu;(xz,t) >0, oy (x,t) € Q(r,s), i =1,2. (3.3.4)

30890obbdmm, B0 Jgbernmgonmos (3.2.3) 00630 39600 YOMO0L 30600.
dodob  m@o  gmygo  wi(x,t), i = 1,2,  30Moomemamo  byoodmboblbol
ug(z,t) — uy(z,t) bbgomodobmgob bLodo®mmosbos J93wgao JbabEIH03Ie0 IO

/

Q(r,s)

2

h(z,t) dxdt <

grad ug(x,t) — grad uy (z, t)

<o ) (

Q(rs)
X [QHuz — [z @s)) (HulHLw(Q(ns» + IIU2\|Lw(Q<r,s>>)+

Lvm%tﬂ+¢dh@;ﬂ)dxﬁx

+ lluz = w1l (3.3.5)
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odH303900. gobgobommam bgdoldogdo gmago u(z,t) € CHHQ(r, s)) gab6dgoo
© godbo®gogmo t-mgob, s < t < T, 3006Egatmm 0303900 (3.3.1) x o0™aydgbEol do-
800m B(xg,7) 0000389, 30806 gogb-mb®dma®o33ob ©03gmaggbool mgm®gdowsb gmg-
09mMMOm

/Lu(w,t)h(@t) de = /u(x,t) L*h(z,t) dx+

B + / Z [ZBj (h(m,t)aij aua(;:,@ = (e, s ahgjft>)ni<x)+
g =1 LS j :

+ biu(a:,t)h(x,t)ni(x)] do — /% (u(z,t)h(z,1)) dz, (3.3.6)

bowop n(z) = (n;(x))iz1,...n Fo®BMOaIOL = € OB Hghpomdo gomgm dododmym ghmg-
A @3ob ba®Bomy® 3gdEmdb, baagmm do - B d00mgolb (n — 1) 3obBmdomgoosb Bgoaodo-
O BmAdb.

003603600 1, () = (V4 () )i=1....n, bO®OE
Vei(T) = Zajinj(x), i=1,...,n. (3.3.7)

(3.2.3) 00b00M0® 39M30MMYMHMO0L 306HMO0D 30907 MOm

n

(Va(z), n(z)) = Z aini(z)n;(z) > aln(z)|* = a > 0. (3.3.8)

i,j=1

099006 0B LoBmgmob 6goobdogmo = FgdEomobmgol ggodsL

(grad h(z,t), ve(z)) = hf[r)l h(z,t) — h(i'?9 — sv,(x),t)

< 0. (3.3.9)

30000390 mm (3.3.6) ImbgmHbgonmo gm®dom o ABgE3gEM0osdo dogommm, MmAd fmbol
h(x,t) @abdgoo bameEgds 0B Lobmgo®by, 339dbgdo

/Lu(x,t)h(a:,t) dx = /u(a:,t) L*h(x,t) dx—

B B

_/u(x,t)(gradh(x,t),l/a(x)) da—/% (w(z,t)h(z,t)) dz, (3.3.10)

dB
Loog s <t < T — s. oy 0ceme (3.3.10) 00b0Q0OEM00L 3o0bBHIaMgom ¢t s™a7ndgbhE ol
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80800 (5,7 — s) 063 gM30mdo, Bog00goM

/ Lu(z,t)h(z,t) dedt =

Q(r;s)

—S

T
= / u(x,t) L*h(x,t) d:pdt—//u(x,t)(gradh(x,t),l/a(x)) do dt—
Q(r,s) s OB
T—s
dx (3.3.11)

— / [u(x,t)h(x,t)}

B

S

0 30600000 h(x,s) = h(z,T — s) = 0, B0g0g0M0 gM0boL Igmdg FMOIPmoby

/ Lu(z, )h(x, 1) dv dt — / w(w, ) L*h(x, 1) d di—

Q(r,s) Q(r,s)
—//u(x,t)(gradh(x,t),l/a(x)) dodt. (3.3.12)
s OB

930601369 BMIYeTo ogomm u(x,t) = 1, 3080b ggodgl 998ga0 BHMMMMdS

T/S/ (grad h(z,t), va(v)) do dt =

s OB
— / (L*h(z,t) — ch(x,t)]) dedt. (3.3.13)
Qr.s)

oy 3®obol (3.3.12) Igmdg gm®Pmodo u(r,t) gubJoob boggmown Pogbgsdm u?(z,t)
$906J30sb, 33936900

/ Lu?(z,t)h(z,t) do dt = / u?(z,t) L*h(z,t) do dt—

Q(r;s) Q(r,s)

T—s
// )(grad h(z,t),v,(z)) dodt. (3.3.14)

3oME030 godMmbOmMgmgmo0s, MmMJ

Lu*(x,t) =

ou(z,t) du(z,t) )
=9 Z A o, oz, + 2u(z,t) Lu(z,t) — cu”(x,t). (3.3.15)

1,J=1
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00330000, (3.3.14) Hmmmd00sb dogrogza®m Jgdga IEMmMmMosty

2 / | grad u(z, t)|*h(z,t) dvdt <
Q(r,s)
< 2full i~ @) / (L, )bz, ) do di+
Q(r,s)

ey [ (1LH0] + eh(e.D) dedes
Q(r,s)

T—s
—|—||u2||Loo(Q(T7S))//‘(gradh(:p,t),l/a(x))‘dadt. (3.3.16)
s OB

(3.3.9)-0b6 gogom, ®™3 gmggmo = € B HgdEomobmgol
(grad h(z,t), —v4(z)) > 0,

3000L0ody, (3.3.13) FHEMMO0OD gngogmMOm

// (grad h(z, 1), va(2)) | dordt =

s OB
_ / (= L*h(z.t) + ch(z, b)) dwdt.  (3.3.17)
Q(r,s)
(3.3.16), (3.3.17) 0060030M0M090005b godmMmIoboMgmoly dgdwggo dgazoligds

o / ‘gradu(m,t)‘zh(m,t) dx dt <
Q(r,s)

< lellimioey | 1Lutast)fblat) dodes
Q(r,s)

FTETH, / (12 b )| + lelh(e,0)) dwdi.  (33.18)
Q(r,s)

u(r,t) gnbdgoo 0Jodwg Fomdmowagbos C*1(Q(r, s)) Logdrolb bgdoldogh gmgdgby,
bome 08 3mdgbEowob ofiggogmo 3039wolbdgom, ™A

u(z,t) = ug(x,t) — ug(x,t), (3.3.19)

bowoi ui(x,t), i = 1,2, fo®Imowgghgd mgm®gds 3.2.1-0L gm®Iymomdgdodo dgdagom
m® 6300L309M 30600MMYM BYOSTMbOIBLOL. g30J3b

|Lu(z,t)| = |Lug(x,t) — Luy(z, t)| < L(u(z, t) + ug(z, 1)), (3.3.20)
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0Jgwob 99330dmoos Eogfgmmm

/|Lu(a:,t)|h(a:,t) dx dt <

Q(r.s)
< /L(ul(x,t)+u2(x,t))h(x,t) drdt. (3.3.21)
Q(rs)

3M0bol dgm®dy (3.3.12) gm®3Yosb gzodab

/ L(wi(z,t) + us(z, t)) h(z, t) dedt <
Q(r,s)

< lur + sl zeo(@rs)) / L*h(x,t)| du dt+

Q(r,s)
s + ol / (12 b 1) +lelh(a. 1)) ded <
Q(r,s)

< 2||us + us | Lo () / (
Q(r,s)

Lh(x, t)] + ]c\h(a:,t)) drdt. (3.3.22)

(3.3.18) wo (3.3.22) 9gx0bg090000b 3wgdgmmom (3.3.5) Loby®M3gm PYHMMMOSL. O

3.4 bL@OMWMYZ0oLb gMO0Y6FHOL dOLYOMOS O
069309000000, J0O0MO0 39009301 ©IBHZ0(3J0

00 30M03M1g3d0 LOLFJIOH YOO odMgz0oyggbgom FgmMg 30EgMOR0L d3MmMJLodogool Egd-
B03oL. 3ogoblgbmm @y, k= 1,2, ..., 3000b@®gdool gobdomEgoo

T T k+1
— O(re, ——) = B(xo, (——T> 3.4.1
@ Q<T’“k+2> (20.m) (355 52 (3.4.1)
Bo©OG 1y = Q—E R.
399m3094306mm Lomobowm gemygo Hmbol ggnbdiogoo
T E+1
et = (3 e — ) (- LY (S ) 34

(l‘,t)E@k, k:1,2 .

Q = B(xzo,R) x (0,T) gomobo®obmgol dgdmgoyzobmm dod®omowo gmyago h(z,t)
febol g3bgdoo
h(z,t) = (R* — |z — zo|*) t(T — t), (z,t) € Q. (3.4.3)
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obo Hggbo BoBobos gohggbmm, B 6300LA0IM YFYza® LPLE 30Mo0MMY® u(x,t) Liydo-
dmbobLOL, gobLOBMZOYML () F0m0bE™T0, 3oohbod 30M3zgmo Gogol yzgmo bybEo (Lm-
00mg3z0l) Fomdmgdyemgoo
ou(z,t)
0x;

, 1=1,...,n.

QO 39306, u(z,t) 96dgoolb bLedmMgzolL MO©gbEo oMIMPAbEIOS 3ZoEMOH0m 0b-
98090000 h(x,t) Fcbol g9bdiz00l 30306 m.

®ga®gdo 3.4.1. 0399300 Igberegdnemos (3.2.3) 306GM00. 3380b () = B(z, R) X
(0,T) goamobo®mdo 6goobdogd bybe u(x,t) 306000 bdodmboblbl goohbos 306390

®030L g39cmo LabBo Pomdmgo o %, 1 =1,...,n. gb Po®@IMgonmgoo 38903500

06980Jo0 00 ffabol h(x,t) @nbJpool 80dsmm, oby

/ |grad u(w,t)|2h(a:,t) dx dt < oo. (3.4.4)
Q

0B 30oE 0. gobgobommm LgbEo 3oModmmy®o u(x,t) bYdedmbobLboL wuy(z,t)
3039390900, ®0I™Io03 obLoBMZMYM0o (3.2.7) BO®IYMom. Ma©gob u(x, t) g1bdios
9593900 ) 300060, OMIMOF FoMFOOd 3bMdomMo (0b. g30bLo [6, wodopgos Cl),
3300 dJgL MObIdS® FBIJOSMOSL

sup |up (2, t) — u(z, t)| — 0
K h—0

@ 3omob®do dgdogom bgoolidogm K 3mddodpdy, K C Q.
h = %-mgob, m = 1,2,..., up(x,t) 6396d30900 0036036MM u,, (1, t)-00. 3580b Pgo-
bob3bgemo M1boddMmO 3MJOOEMOd MJogmmol dgdmga Lobgl

sup |y (z,t) — u(z, t)| — 0. (3.4.5)
K

m—ro0

300000006 Q) 3060600900 3330JEH PO dMOL HoZTYMO MOZPO30MZIE 30¢m0b®To,
®gm®gds 3.2.1-©00b 30gonmmdm, Mmd gmggmo k = 1,2, .. .-030L o®LYdMOL obgmo m(k)
0bgdbo, ®m3, g m > m(k) gmggmo u,,(z,t) 396Jdgoo Ho®Bmowggbl gmyg JoModm-
96 bYOodMbOBLOL () Bow0bo®To.

6900L309g®0 £k o [-m30L gobgzobommm (ki 30w0bo®o. 0y (3.3.5) gHmmmosdo d3o0-
oM

ur(x,t) = up(z,t), us(z,t) =uy(z,t), m,p>mk+1),
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©0 Qr41 BOOBEOY, 33996900

/

2
grad u,(z,t) — grad um(x,t)‘ hii(z,t) dedt <

Qk+1
1
< E / (’L*hk+l($, t)‘ + |C|hk+l(l’, t)) dx dt x
Qk+1
x (2 = il @ur) (N zot@r + 001 ) +
+lluy — um||2Loo(QM)] (3.4.6)
00360dbmm
ot — / (12 st 0)] + el g, 1)) dr i (3.4.7)
Ql+1
©o 093603bmm, A
/C\k+l = inf thrl(.T,t) > 0. (3.4.8)

(x’t)er
09 (3.4.6) 9Ememmool dombgbs dbomgl Iggbmynmogm (. 30mob®byg, 339Jbg0o

Cl+1 /

2
dz dt <

grad uy(z, t) — grad w,(z, )

Qk
1
< — it 2y = | o (@u0) <||um||L°°(Qk+l) + ||Up||L°°<czk+l>>+
+ lluy — um||2Loo(QM)] (3.4.9)
(3.4.5)-000b g30g3L
lup — Ul oo (Qpry) — 0, 009 m,p — oco. (3.4.10)
09 (3.4.9)-30 3oogomm Bmzombg, GmEo m,p — 00, 30300gOm
, = Ouy(z,t)  Oup(x,t)\2
1 (2 - ) dwdt o, 3.4.11
dm 3 [ (P - ) B

L*(Qr) bog®Eob Lob®gmol godm s®LgdmdL Bmdow BebJooms vy (z,t) € L*(Qx),
1=1,...,n, apsbo obgmo, G®mJI

gnm;/ (&‘g—g’t) _ vm(a:,t))z dedt=0, k=12 .. (3.4.12)
Qk
vi(z, 1) 396d30900 3ob3o3HEM®M Q) 30w0bEMOL oMM BHM0Z0owYMaw© 0-0b HraEno
860936900000 5 M030830M3g0m () 30m0bE®YBY gobgLobwgdmm v;(x,t), i = 1,...,n,
296g30900 99300980 Lobom

vi(z,t) = limsupvg,(z,t), i=1,...,n.
k—o00

(3.4.13)
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gYBowoo, O3 vy (x,t), 1 =0,1,2,..., 396d30900 gO®T69m0L H0o Q) B0EObEMYY
©o 0doE™d 330d3L

vi(z,t) = vpi(z,t) (0. 9. de x dt) Q-3omobo®ddy. (3.4.14)

0033000, v;(z,t), i = 1,...,n, 396J30g00 MMZOYMI® 3300MFHOM 06%HIaMJos©oo ()
300bMYy.

993000f8mm, M3 v;(x,t), i = 1,...,n, B96J30gd0 Ho®IMowagbgbd u(x,t) 9bdiso-
ob 3o®mggmo ®ogolb LHLE (Lrommgzol) 3g®Mdm Ho®dmgoymgol. s3ommm bgoobdogdo
AQLOLOPYMME ©0xIMIoE30MIO0E0 ¢(x,t) FPbdsos 3mB3oddn®o dBowom () Fomobo®do
(069 @(x,t) € C§°(Q)). 30806 supp ¢(x,t) 9ol Q-390 G®Igmodg k-mzolb. gmggmo
m > m(k)-mgob g3gdogodo

O (, 1) B Oom(x,t)
Qk Qk

003M03 5396J30000 Uy, (7, 1) 3000IZOMOS MObOdMOE 3MOd©0d u(T,t) B9bJd300L3g0 Q%
300b®B0, Beaawm 8“’“(“ 30900000 v;(, 1) 39bdzooLagb L (Q)-80. BoBabowasdy, ga-
300000 ?5(9306)‘253 3000L3gmo fobo BHMMM05do, MmmE3o
m — 00, BOOObOE 3WJOYMMO®M 3930098 MODOTOOIMOOL

/vl(x t)p(z,t) dedt = /u(az,t) % dx dt. (3.4.15)

Qk Qk

93000b369m0 BHMMMOs 603bogL, ®MB v;(z,t), i = 1,...,n, B96J30gdoo bodwgomow Fom-
80039696 u(x,t) a3nbdiool 3odggmo Mogol LRLE 3gMdm FomBmgoymYoL. ogzhgdmm
(3.3.5) 9@ uy (z,t) = 0 ©0 us(x,t) = up(x,t) g9bdsogoobmgol, m > m(k+1), o
Qr+1 BOW0bEMObMZOL. 335J3b

Ch+l 2
/ | grad w,, (z, t) { hiyi(z,t) dedt < — - B (@, ) 1o (s (3.4.16)
Qi
09 93900L369w PYHMWMO080 FowOZOWM BLZo®BY, 33976900
/ | grad u(z, t) | hivi(z,t) dedt < —— O 3||u(x,t)\|2Loo(Qk+l).
Ql+1
0 03 PHMMOol dodEbgbs FHomgl dggbmwogm Qr Bomob®mYy o dgdwgg [-b
030U 003900 YLOLEOYMM0O6d0, 339706900
/ ‘gradu(m,t)‘zh(x,t) dr dt < 2. 3[Ju(z, t) |7 () < 00, (3.4.17)
«
Qk
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Loogs

-

Q

L*h(z, 1) + |c|h(x,t)> dz dt. (3.4.18)

30000000, (3.4.17) 9,00l dodbgbs Abomg O©o©os k-L 30doMm o Jgdmbobmg®yg-
@00 3oL 8g3b Lol PmMo BWGoM0. ©dM0ZOW, 3NVJOPYLIMOM

3Coo
/ ‘gradu(x,t)‘Qh(:c,t) dodt < 2= [u(z, t) |7y < 00. O (3.4.19)
o
Q

J399mom H39b 13033 30E3J0M 03 MO30L doMomo© dgegal.

®gmodgdo 3.4.2 (390630091 Hmboobo 0900969090 PYEHM®MOS). 39T,
A8 LOYIOo 00650Go© 30M00MmYHMo0l (3.2.3) doHmmods. Q = B(xg, R) x (0,T)
Bo0b®To 3063060 MGo bgoobdogmo YFY39Bo LAbBHO 30600 Nmo u;(x,t), i =
1,2, b9068cboblibo. dvdob LodoGmosbos d90wggo 3799063069 Feabosbo dgoernbgo memo
PG00 Us (1, 1) — uy(, 1) bLbgomdobmgol

2
/ ’grad us(x,t) — gradul(x,t)‘ h(z,t) dxdt <

Q 1

Q

L*h(x,1)] + \c|h(:c,t)) dz dix

X [2”“2 — 1| =) ([[ur | L=(@) + l[uzll (@) + Uz — willfeo(qy |- (3.4.20)

d9609d36 05 3.4.1. (3.4.20) 93MmMdd JgLodmgommosl ggodmggl dggoa0bmm
@0 9593930 LLFH 30MOOMEYEM 1B903dMbIBLHOL gMO0ghEJOL M@0l L? dobdowo, 53
Lx003mbobLBgOL FMEOL MObddM0 dobdoemol dgdzgmoom.

0J®9003.42-0b00H303900. gobgobommm u;(x,t), i = 1,2, 9593960
b9bBo 30M0MEYMO 1BYoddMbobLEIOOL .y, (2, 1), I = 1,2, 303EWN390900.

MOMaM®3 hggbmgzol 3bMdomod, ()1 Boob®oLMZgol vBLYOIMOL Lgmo boEP®domY-
®o m(k + 1) 0begdbo, ®mB, GawEgbeg m > m(k + 1)-Bg gmggmo u,,(x,t), i = 1,2,
03916J300 FomIMoagbl gemyg 3oModMmYe LiydddmMbobLbbl (Jr.; B0w0b®To. 03MgM3yg
330931 09000980 Mb6300M0 3BIJOSMOS

[ tm,i () — (.t 0, i=1,2 (3.4.21)

)HL"O(Qk+z) n;;

308m30ggbmo (3.3.5) 9dMmmdd Qky1 B0@06EMOLO ©O U, 1 (7, 1) ©O Um 2(7,t) BI6IB09-
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00bmgol. 33996900

/

Qr+1

2
thrl(QZ, t) dx dt S

grad u, o(z,t) — grad ty, 1 (x, t)

Ck+1

< o [2||Um,2 - UmJHLO@(QkH)(Hum,1||L°°(Qk+z) + Hum,QHLOO(Qk+l))+

e = tmalieiy | (3:4.22)

09 93906013090 PYFHMEM0080 oOZIMM™M BMZo®mYY, MEd M — 00, 30300JOM

2
/ ‘grad ug(z,t) — grad ul(x,t)‘ hiyi(x,t) dedt <

Qrt1

Cl+1

< [2”“2 — 1 || zoo(@urn) (1 [l 2o (@us) + N2l zoe(@uin)) +

+ s — u1||%oo(Qk+l)] (3.4.23)

(3.4.23) 9pmmmool dodbgbo dbomg Tgzbmgomm () 3omob®mYy o owaz00gm
Bg0mBg, GMEo [ — 00, 33996900

/

Qk

2

grad us(x,t) — grad uy (z,t)| h(z,t) dedt <

COO
= o [2||u2 - u1||L°°(Q)(Hu1||L°°(Q) + HquLoo(Q))—i—
030bmOb, mgm®gds 3.3.1-0b MObobdo, LabGgmos 3gdwgan 0bBHgz™emgoo

/}gradu,-(x,t)ﬁh(x,t) drdt < oo, i=1,2. (3.4.25)
Q

3000300090 (3.4.24) 9@ mmmosdo Bmgombyg, GmEo £k — oo. Lodommmme, dogomgom
Lobiydggom (3.4.20) Jggobgoob. O
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o630 4

30000m3mom0 3dME6YJomo sbomoBo o
dobo 3odmygbgoo Bmgogdmo s®ofidgg0go
3300ho®d0J07e 900560

©039M9b300m1x®0 gobmmgool
®ogbgomo >dbLOOL®ZOL

4.1 9dgbogomo

03 300 gobgobomogm 0dmBbggoemo d9bdmoBol obgmo FPbOTIbEIMPYMo FoMoJdbyg-
00L godmygbgool Bmagoghmo oMofMmxR030 3gMdmPoMmImgonmgonsbo ©0ggmgbioomydo
3006HMmgool Mogbgzomo ddMBLOOLMZOL, HMZMMOFOS Y7 JObEM-gbbgmoly go®oddbo,
d®Mb Imdzmgoo o dmEgdygmo g9bdaool 0dmBbgdoemo dmdgegoo.

860300 3300l 668g0m3608zbgmMdgd0sbo f(x), z € R™, 9g9bd300b mggebo®d-
096HIMOL goMOJdbs goboLoBMgmgds d9dwggzboodmom

[ (@) = sup ((z,y) — f(y)), = eR", (4.1.1)

yeR?

booy (z,y) 9wbodbogh = o y 3gdem®dgool, x,y € R”, Lasmodym BodMagml. Lo-
d93b60gmHM ™oEIBOFModo oL 9g3Mgm3g Pfmmgdgbd dmEgdgmo gnbdgool vdmbbgJoem
3990gogmb 0beo ggbbgmol Jg90mgdgmb.

8030m0 33000L 63330t 360dgbgmMdgdosbo f(z), x € R”, g9bdgool dm®dML
dm3gmgoo 3obobobmgmgos 39dgao Bm®IPEom

Myf(x) = inf (f(y)+ o ) z € R", (4.1.2)

Boog A > 0 3303M0© 8gdomo bodpgomo Mogbgos.
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096bgmoL gPmmgomL oo HBoboo LHogmmogb IMogomo dggbogdymo dodoMmmy-
39000 dobo gobbo3zxm®MYOYMo EYSMYOH0 MZoLbgogool godm. Moy dgghgoo ImOML dma-
3emgol dob 063 gbLo®mo® LHOgmMoObgb GmamdE mgm®oymo, dbggzg dSmam®Momd o
®300LOBOOLom dobo Jomganmocgdgmo Mm3zgobgogool godm. ol Lomoggh 0gdlh 0MLOEOL
[29] 8cbmg®ox30000b doJlodomg®mo InbmEmbagmo m3gmogmmgool dgbobgd s dobo gm-
33093939 30080©dd 306M000 9dMBBbYJoem 3boOBLO (HM3NIMgMo [9]) o oGO0
0bom0Bdo (OM3xgmgdo, 39¢Lo [10]).

99360306mm, ®MA BgdmMmm 6mb036Ym goM©oJddbgol dm®ol o@LIoMOL 8gdgao dodEo-
30 0005030M©M0900

2 2 *

Mg = (MR ) ) @.1.3)
2 2

FH(z) = %—)\-MA<§-f(y)—%>(x), (4.1.4)

bowoi f(z), x € R™, o®0b 603030 86083690m00g00060 3:96J300 o A > 0.

(4.1.1) 39bLoBM3zM0©Ob O (4.1.3) MO6IROOMO0©DL ZodMAobsdgmMol 3bodzbgemm-
3060 g30do, ®mB 63d0LAogMo FMogamo gmowol f(z), x € R”, gybJgoobomgol dolo
97960M-1gbbgmol goMaddbs vdmBbgJocmo BYbJ0ss, beagmm dmdml dmdgmmgoo Hom-
dMoagbl bobggmowm Hobbgdomm 03763001 bobgzmohobbgJommaol % dyedogom. (4.1.3)
© (4.1.4) ®0boxOEM0g00©Ob 30133000, MM FOML IMIZmgool godmmgmos gjgoge-
g6 Y™ mg70bm-1gbbgmoly gymmgoynmoly godmmgzmoby; 8dM0gow®, gMHmo gotMod-
dbol godmbomgmgmo deamMm®0m3do JoMEH030M 80Ygzo06900 dgmdg d3oM©oddbol godmbom-
I dMIMMomIYY.

0dmBbggdoemo 0bomoBol Hzgbmzgol LoobHgMgLim dglodg BPYbOTgbBHIMYMO FoM©OJabo
0®0ob Bmpgdgmo f(x), = € R™, g9bdioob 93mbbgdomo dmdgmgdo. dgaoblgbgom, ®ma
860300 33000l 6o8g0mI60dg6gmMOgd0sbo Yfggano f(z), x € R™, ¢nbdzool 0dmb-
bgdoemo 8mdgmgoo I'f(x) Ho®Imowggbl dodubodom®m 0dmBbgdom 93bJool, Gmdgmogs
Bogm®omgos f(z) g9bdoom (0b. ®mzagmgmo [9, 3oMogMago 51).

9L06036030 BoJBH0o, MMA 86083690MZ060 MBIGOOEMOS dGLIOMOL Brgdgmo f(x),
r € R", 996d30ool mgz70bm-03g96bgmol goModdbolo o vdmBbgJoe dmdgzmgoly dmdmol,
3900m,

L) =(f) =1, (4.1.5)

06y 9Pg39¢0 f(), © € R”, 6396J300b 08cmbbgJocmo 8mdgemgoo Fomdmowagblh o8 g3nbdiool
™9396MO-8gbbgmol Jgm®mg 390 gdgmb (HM38gma®o, 3gdLbo [10, mogo 11]).
300dmmgmomo  ddmBbgJoemo  obomoBo  RPMZPYLoMYdds  VIMBbgJoemo  VBSOBoL
039603gbE om0 goMwoddbgool MoEbgom godmmzgmodg. mgsebm-g3gbbgmol gom-
©0Jdbol Mobgzgomo godmmzgmolmgol dool FghEomgoby dobgomomgogm ogbs LB3gao-
3PM0 d¢mgMM0m3J00 O 0bLobo godmygbgd o 0Jds d0domEMb-003MO0L FgMIMPo®mIm-
9079t gd00b0 0gxxgM90bE0dM YO0 obEMMgdgool doobemmgoomo sdmbLbobmgol. LHGogo
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9396 ®0l goMwogdbs (FLT) gobgomomgoynmo 0gdbs 06gbog®mol [11] o ¢coggoL [12]
309®. 030b FLbaogLow JcML dMdZzemgooL §odMbLOMZGEIMO® ob30MMJOPE 0Jbo LG
dmgm®omdo ©gbomL [30] dog®. sdmbbgjomo dma3zmgool godmmgmolmgol dowob Fgm-
Bomgobg LEGORO degm®omdo 99373039090 065 BOMOIMOL, PMOZ0b0LO O 373OD3OL
[13] Bog® ©o ghmmgods ~ The Quickhull Algorithm for Convex Hulls". 3o®gowoo 3bm-
000, ®M3d R™-3o §30E0mmd LELOYEOo LOAMOZEOL VAMBOIJoo oML gobolLOBM3zMgoo,
MmMa3M®3 9330mgbo 0dmBbgJoemo Lod®Mogmyg, MMAgmoE IoEgL 93 HamE0mgoL. ddmBbg-
Jomo 3o®LoL godmmgmo Hocdmoggbl 33309EHIMYmo 3gmdgE®ool i3nbsdgbEomy®
0dMEoboL. 0bodbYmO semgm®omdo (QHULL) d3domolb R™ ggzmowgtmo Log®mEol bgoob-
309M0 g3obBm3omgooLmgol o goblboggm®mgoom LHMmog0s, MmEs n < 4.
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4.2 350003 Mb-003000b6 gobEMg6900 ©d b3ooMYo
3960b30b 306mbg00. Ib37-0339M0L gobEegoo

00 30603Mox0L 30fggom Lofigolo 30MM00L IJmbg 3oF0mEHMb-003M00L obEHMgdol 3ob-
bomgom

ur + H(gradu) =0 R" x (0,00)-80,
u(z,0) = g(z), r e R,

(4.2.1)

Lowog H : R — R 3080cm@Emboobo o g : R* — R bofgobo g39bJgos 3mEgdnmos oo
390900 93bmo u : R™ x [0,00) — R g396d300L, 080bmob

ou(z,t) au(x,t))

gradu(a:,t):( -y RS

Fo®Bmoagbl = LogdEomo oMaNdg6Hom u(x,t) BPbJool 390dm Fo®BmMgdPmgdoligob
390008060 39JH™OL.

d90gmddo 30g3mobbdgom, ®mad g : R” — R mo0gdogol sb®om 9fyzad0o i39bdgooo,
067 9BLYOMOL VGO POBYMomo ¢ > 0 Igwdogo obgmo, G™J

l9(x) —g(y)| < c- |z —yl, z,y eR™ (4.2.2)

Mo 999H900 30300mEHMb00bYBg IMmbMgbgoL, 30z nmolbdgom, GmJ

H a®xg® 9h939%00 ©00539M90300900000,
H(x) (4.2.3)
= +o0.

H 59m%bgdomos o  lim

306LoB3g®godo4.2.1. H:R" = R adOxg®d 9fy39@oe Fomdmgoow (C? 3mabol)
396J300b 9fm©g00 MO0 3dMBbgJocmo v > 0 dgdogom, my

"~ O?H(z
2.0 8( ) gy >y gagaeo 7,y € R-ogob. (4.2.4)
im1 =1 Cri%T

306LoV®3g®good2.2. 30Hgzom, ®MA f(z) : R — R Fo®Boggbl bobggdowhob-
bgdocm g3bJ300L bobgg®mowhoBbgJommool ¢ > 0 Iydogom, oy gmggmo z, 2 € R"-m30L
BOdoOME00b0d 3930930 YBHMMMOS

flz+2)=2-f@)+ flx—2) <c-|z]% (4.2.5)
306Lob®g®gooa.2.3. 3gobgobommm 993930 0663030 YH0-30b3MM YOO

u(z,t) = min {g(y) St H (g) } (4.2.6)

yEeR™

bowo t > 0 o z € R™. 39fmomm 8oL dng-modbolb gmddgmes (bowog H* () fomdmo-
396L H (z) 3080mb0obol mgg0b®-ggbbgmob 3ga0mgdam 396dposh).
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99800930 mgdo g30h3ggbgdl, ®mB u(x,t) gybdios 0bobogh bobgg®owhobbgJommool
®30bgdol 6gdoLdogmo EdOmomo t > 0 dmgbEobmgol Lofgobo g(z) BYbJgooLEed.

@ g 9o 4.2.1 (9306bo [6, mgdso 3, 30MogmMogo 3.3]). wogydzom, H®mA g(x), » € R,
Poedmo89bL bobggmoho8bggocm 0ubgdrool bobggmowbhodbggocamdol ¢ > 0 dywdogoom,
30806 gmggao @m0l t > 0 8mdgbobmgol (4.2.6)-00 gobbobmgmamo u(x,t) ybdpoo
0809039 65b93®H3hoEbgJocmo RNbJB0dd 08539 ¢ > 0 89©d0g00).

079 30300EFMb0b0LZOD FMgombmgzgm MdbsdMO® d3MBbgJommdol (4.2.4) 30OMOSL,
30306 hggbwo goLboME®OE dMIMhbEgdd, BMI 3Mmy-moJLboL (4.2.6) a3bJEoo oMol bobgg-
®ohobbgdomo t > 0 edMomo ImBgbEgoolmgolb 3o30bog 30, dmEo Lofgobo g(x), x € R”,
9396J300 96 9M0L BobHggzMOHOBEBgJoo. JoMMOE, LodoMM0obos dgdwggo mgds.

@ g 0o 4.2.2 (9396bo [6, mgdo 4, 30M03M0x0 3.31). o3ndgom, Gmd H(x), x € R", mo-
600G 0dmBbgJocos v > 0 ydogom o u(z,t) gobobodmamgos dcag-mmogbol (4.2.6)
a®IYom. 3odob gmggemo t > 0-0g0b u(x,t) bobggmow Pobggomo 19bJpoos bobgg-
®obho8bggocmmdol ¢ = % d9dogom, sby

1
w(x + z,t) — 2 u(x,t) +ulz — 2,t) < P 12> gsgamo x, 2 € R™-m30b. (4.2.7)
fy .

306L oV ®g®goo 4.2.4. gopyzom, ®mI u : R" x [0,00) — R moxdogob s¥®om
9993930 99bJ30o, oMol (4.2.1) 93mEebolb LyliEo ©¥dmbsblbo, oy LEOYPYOO

(@) u(z,0) =g(z), r € R,
(b) w(z,t) + H(gradu(z,t)) =0, 0. g. (z,t) € R" x (0, 00), (4.2.8)

(c) 9®LgomolL ¢ > 0 Iydogo obgmo, MM gmggmo t > 0, =, z € R"-mgob, sgomo oJgb
DHODMOOL

u(x + z,t) — 2u(x, t) + u(x — z,t) < c(l + %) -z (4.2.9)

®gdgado 421 (3300Lo [6, mgm®dgds 8, 3oMogmogo 3.3]). @3N0390, Gd
H : R" = R 3080cmymbosbo carxg6h 9f939650@ 0039Hgbro®goowmos o 93009gma0emgol
(4.2.3) 306m00b, beaenem bofigobo g : R* — R @9bdpoo cmondogolb s®oo 9fgsgeoo (069
030090 gol (4.2.2)). 0y g(x) 60bggmoholbggdomos, obwo H () mobsd®ow sdmEbyg-
Joeoo, dodob

u(x,t) = min {g(y) +t- H*(%)} (4.2.10)

yeR”

R96J300 Po®@300896b gHmw0gmH o bl 08mbsblibl 3000 b-00530m00b (4.2.1) 3065 m-
@goobmgob.
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OB 3003000300m LoFYgyolo 30HMO0L dJmbg LidmoMymo dgbobgol 30bmbgobyg gm-
®gobBmMdomgooob dgdmbgggodo

u+ (H(u)), =0 R x (0,00)-o,
u(z,0) = g(z), z € R,

(4.2.11)

Lowog dmEgdnmos H : R — R 3080m@E™Mboobo ©o g : R — R Lofgobo agbdioo, bLodogog-
oo u : R x [0,00) = R g396d300.

(4.2.11) gobpmmgdsdo (H(u)), 60360gL H(u(x,t)) g3nbdgoolb 39040 Fo®dmgonml
-0 3030Mm. (4.2.11) 3obEmmgos Fo®mdmomagbl Lzomotgmo dgbobgol 30bmbol bo-
00b0M gobEHMmMgooL o Hggbo 0bEHgMgLbo Aol FodoMm gob30MM0JOYM0S LIOMIEFEO0
d960b3g0lb 3obmbgdly o 30domEHMb-003MO0L ZobEHMEMgdgoL JmMoL FoMgow BEbMoomo
30800000 gOMZobBMBomgdoob gdmbgggoBdo. doOmmoy, 9 u(z,t) §PbJgos Fo®ddmow-
396L (4.2.11) 03mEsbolb gbE®mM30om 9dmMbobLbL (HmMAgmoy Jggdmm gobobobmgmgos),
dodob

xT

v(x,t) = /u(y,t) dy (4.2.12)

0

0396J300 06900 3080¢EHMb-003M00L

v+ H(v,) =0 R x (0,00)-80,

(4.2.13)
v(z,0) = h(z), zeR,
396 Mmgool LyLiyo ddMbobLBO, Lo
h(z) = /g(y) dy. (4.2.14)

8080boody, (4.2.11) bgomo®mymo Bgbobgol 3obmbob gobEmMmgool s8mbobLbo u(z, t)
9gbodmme d0300mMm 3080mEMb-003md0L (4.2.13) gobymmgool v(x,t) 38mbablbobgob
399930 Lobom

u(z,t) = %v(m,t), t>0. (4.2.15)

09 30300300obLHobgom (4.2.10) gm®IPmol mgm®mgds 4.2.1-8o 930b60L3bgmo Em-
™00 90dmgos hofgMomo 0dbgl dgdggo Lobom

(o t) = 2 min{h(y)—i—t-H*(I;y)}. (4.2.16)

ax yeR

3063LOBMgzmMm (4.2.11) LofgoLo 3oOMOOL IJMbg LZomOMmo Tgbobgol 3obmbol gb-
BM®™3079m0 5dMbobLbo.
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306LoY®3g®gooa.2.5. 3opyzom, OmI u € L(R x (0,00)) 396300 fo®Imowggbl
(4.2.11) 03mEobob gbE®M30gem 0dmbablbbl, oy gmggmo v : R x (0,00) — R #gbEa®o
2396g300bmgol 3m33odE®o IBowom, LEYYMEY0d JgdIa0 NODOIGIOEMOO

//(u~vt+H(u)-vI) da:dt—l—/(g-v)dx =0 (4.2.17)
0 —oo —00 t=0
©d, 00 9®LYOMOL ¢ > 0 Igwdogo obgmo, G™J
1
u(xr + z,t) — u(z,t) Sc(l—l—;) - 2 (4.2.18)

o.9z,2z€R, t>0,2>0.

99900980 mgm®gds GomIMoggbl 3mobogn® dgogal, Mmadgmoy sbodygmgol gbE®dm-
30790 5dMboBLBOL VBOVJOMOOL O JOMOINMMOSL.

®J®gdoa.2.2 (939000 [6, ®oJu-mmgobozol BmOIPYMS, MgM®MJIgoo 1-3, 3oGogMo-
030 3.4]). ©039330m, @3 H : R — R d0do@mEmboobo mbxgh 1fg39:50@ Po®rdmgodsomoo,
360b 006506 0dmBbggocmo (H" () > > 0) wo g € L¥(R). 8o80b gmggeo t > 0-0g0b

u(z,t) = aﬁ min {(y) +t H(IT_Z/)} (4.2.19)

T yeR

296J300 306LoBMZB 00 00mJBob g39@o x-m30b. u(x,t) @NbJpoo Fo®mdmowggbl (4.2.11)
bgomodmyemo dgbobgol 306bol g mogm o gbdemm3ona vdmboblbl.

30630b0MM®M 330MOE MO0 3630mEFHMB0ob0L Fgdmbggge:

1
H(z) = 3 |z|?, = €R™ (4.2.20)
3930 9M0b 36MO0MO O dZoME dglodmFdgogmos, MmA
1
H*(z) = H(z) = 5 |z|?, = € R™ (4.2.21)
00 396dm d9dmbggzodo (4.2.6) d3mgg-modbol m®IPmo 030330 GoE ddml dmdgmgoo
Mg(z) = inf (g(y) + ———), t>0, z€R", (4.2.22)
yeR? 2.t

3930bLgbgom, ®MAT (4.1.3) MbdRIMOMO0©OL F™ML Imdgzemgoo dgodmgos Hofgdom od-
Bl M g710bM-g396bgmol dgmmgoymol 39839m00m, LOODOE 3VJOYEIMOM

z> 1 /lyf *
M =5 7 7 (_ t ) ) t ) Rnu
W)= =2 (5T tg) (2), 1>0, ze
0dg@ob 30 339dbgoo
2 1 2 *
u(z,t) = % — <% +t- g(y)) (x), t>0, zeR" (4.2.23)
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bowoi u(x,t) Fo®Bmoagdl 3300MaHImo 3080mEHMB0oboL 8Jmbyg, d30d0mEHMb-0030M00L

1
u 4+ = - |gradul> =0 R” x (0, 00)-90,
o+ 5 leradyl (0,00) (4.2.24)
u(z,0) = g(z), r e R"

306 gool Ll 0dmbobLOL.

3000006 6g00L3ogMo POJ300L WY7ObEM-1gbHB MOl FoMOJdbS HoMTMOEggbL ddmY-
6gJom a396J300V, (4.2.23) M0box0MMd000b 3ob33600m, ®MB u(x,t) BY6IG0o bobggdow-
hoBBgJomoo 6goobdog®o t > 0-mgol, 3o30bog 30, ®mEo Lofgobo g(z) g9bJEod obgmo o6
oMob.

b 3obgobomogm Lzomodmo Jgbobgol 30bmbgool 3g9®dm Jgdmbggaal, 9. §. 0x6-

390MLOL obEMEMgosl
2
u

w+ () =0 Rx(0,00)-80,
u(z,0) =g(z), zeR.

(4.2.25)

gL gobEmmgos 8ggLbododgde H(x) = %xQ, r € R, 330000% w0 3030mEMbooboly 9ga-
®mbgggoL. 08 dgdmbggzobmzgol mgm®gds 4.2.2-0b (moJb-memgoboidol ge®mIgemo) godm-
ggbgoom, (4.2.25) 08mEobol gohmogdmo goEH®mM30gmo 5dmbsoblbo dmoigdo

o . 1 |z —yl?
ute) = 5 i () + 5500 =

LD ) @)

ROIYom.
00330M00, g(z), g € L>®(R), Bofgobo 3000o0b dJmby (4.2.25) 09H3gmLob gobyrmmy-
00L 5dMbOHLObO dMo3gds dg3wgabooMow

2

B 1 0 ry *
u@,t) =3 -5 5 (? Yt h(y)> (x), t>0, TR, (4.2.26)
Boogs
Yy
h(y) :/g(z) dz. (4.2.27)
0

3obgobommm  ImMbz-033gMoL  gobFmmgos. ol Homdmowggbl  LogLgdom
0MOPOR0g  gmogLy®d  39MIMFoMIMJOYMI000Dd  ©0PIOIOE0OMMPYM  ZobFHMMGOSL.
dmbz-033gM0L gobEmmgool godmygbgogoo ggbgmgos fobobfot dmizgdymo gongbol Lod-
™ol dJmbg Bgodo®ol dmdgobol 3emologn® odmEebodo o sliggg Aobgool M3E0dowy-
M0 {MobL3MEOEFHMJOoL ddmEobodo.
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dmbz-033960L gobHMmgool doobemmgdomo ddmbbbolmgol MmMaebtmdoemgoosb 9ga-
mbH39303d0 godm3z094gbgom LoLEOYM-LHZOM005b gmMEL (FHEMO HgdEowoobo bgdom), BM-
dgmo3 3mEgdnmoo bod®mmaddo (09bodm, gMMBo o Mdgedobo [15]). gl dgmmEo oMo
3930m0b BMgmME gm930, sbggg BLObagPMOGNMO sdMbIBLLHJOLMZOL. dGFHYgmo D C R?
0ol d9dmbgggzodo dmbz-033gMol 390dmPocrdmgomgoosbo oggMgdbEosmy®do gobEm-
9o 3999aboomowm 0ffghgoo

det(Hess u(z)) = f(z), f(z)>0, (4.2.28)

0600 993030m9bEH Mo Lobom

OPu  0%u ( 0%u )2 _ ¢ D R0,

or? Oy? B 0xdy (4.2.29)
©0MobBgL LobOBMZOM JoMmdom u =g JD-bg
© 3393 Joom0o ddMBEBgJomool dmmbmgbom
u(z,y) o0m¥bgdowoo D-do, (4.2.30)

MmMdgmo Inombmzgodo 93 gobEmemgool gemogLy®moobmgol. sdmbbgJommool ododg-
00000 dmbHM3zbol go®gdg, dmbz-0339M0L gobEMegosl o6 oJ3b gHmogdmo 6dmbobLbo,
30Ommo3, 09 LobabMgmm BYbI300L OMMTo vg30wgdm g(x) = 0 o u(z) dobo dBMbob-
bboo, 30906 —u(x) 0gMgmgag 0d6gos doLo dBMBOBLGO.

dmgobobmm dgmmg ®ogol 3gmdm Homdmgogmgool dgagemo dgboosdolLo 3gbE®Momy-
0 LH30M09000m M3bdddE®0 00OL HgMEomgdolmgol, dgwgaon 33976900

(D3ouig) - (Dyyuij) = (D3yuis)* = fi, (4.2.31)
Loog
.
Uit + Uim1,j — 2Us5
o Wiger + Uijo1 — 2Uj
D2 u;; 3 , (4.2.32)
2 C Uik1 g4l T Wim1 o1 — W1 41— Wit j—1
Dy uij = e .
d9dmgz0mmm 00bodgbgoo
q = i+t ‘;' Yiclg o Uit ‘;‘ui,j—l 7
(4.2.33)
Ui g1 T Ui 1 Ui T Uil -1
as = ay, =
2 2
©o (4.2.31) 3o®ogfgtmm Hmagmdy 3300MOFIYM0 3obEmmgds u;;-01 JodomMm
1
4(&1 — U,i]‘)(CLQ - uij) - —(a3 — a4)2 = h4fij- (4234)

4
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00mgbbbom u;; (4.2.34) 3obpmmgoosb s Bggodhomm gdo®mglbo ggbgo, 33adbgoo

1 1 1
Ui = 5 (a1 + as) — 5 \/(a1 —ag)? + Z(a3 —ay)?+hif;. (4.2.35)

00b0dbgmo gbmo FadEomoobo Bgdol o9dmbLOOL FobEgbm goyL-Bgogmol dgmm-
©0m, 0(%HJMOE0PM 3OMEILMOD 3MB00boEo0m, FoMm3omobHobgom Mo LoBmgmol FgdEo-
™g0do @o®obmgl LoboBMgMHm J0MHMOLL. 9gzbodbmm, BMT godMM3zeMgo0L SLHJOEIGO-
o 30996900 LHEMog smam®momdl (ob. Mmgogs [31]).

0mb036mo v3MmJLodoool domgool dgdwgg dmzabobgm oLzMgE Mo vdmBbgJo-
o0 dmdgmgool 03900 3MI307EIOYM 3gmdgH®Moodo oMo 3FbMOoMmo demgm®omdol
""QHULL"-0l 89939m0d00m, ®m3gmo n-gobdmdomgoosbo bLogdEob FagdEomoms bgdobidog-
®0 LobLEYo LoIMO3OLMZOL ©g3goL Aol ¥dMBOYJo oMLY vby dobodoe Y dTBbgJoem
LodMOZgL, HMAgoE IM0EO3L 9bodbYm Fa®Eomgol, Beaemem dglvdsdobo olzMgE'-
0 5dmBbgJomo 8mgmgdo B00mJos, MMMy 0dmBBgJomo go®LOL ~ J3goe Lobmgomo''.

h3gb dmgobobgm dgliooodolo dmam®mom3gool MJomoBoE30d dMbzy-033gMol, odow-
®™Mb-003M00L O 0YM3gOLOL dMOfMR030 3gOHAMPOMTMYOY®MJO05b0 OTGIMIbE30OMYEO
396HM®90g00bm30L O AMZ0Yygzobgm 3Mb3MIH PO LoEJLEHM Fogomomgodo. 4bodbygmo
3980m0omgooLmgzol 30h3969m, B®MI MM oYmo doagmds 0dmggzd 30Ma0 LoBybE ol doob-
Mol 3M0JE037w0 d3dME300g00LbmM30L, BOE FoOIMOagol mgm®oymo dgommool 3Mod-
3039 ©OLOOYMNJOS.

4.3 003900900

MOmgm®3 Bgdmm 0gbo 00bodbymo H3gbh gobomogm Lodo Lobol sMohMagog 3gOdmhomdm-
9099090000 0xRGOHJOHE0SPYM gobEH MOl o 30HEIdm Fomo v3MbOBLEYOOL 3MI30YBH Y-
™9 Gobgom MgomoBoioob.

1. 33900 Ym0 3080EMb0obOL FJmby d0FomEH™MDb-003000L obEHMEYoo:

0 1
O 1 L lgradt)? =0, (o,1) € " x (0,00,

u(z,0) = g(z);
2. Lzomomymo 9gbobzol 30b6mbgool 3g®Mdm 9gdmbggge g. §. 0903gdLoOL gobHmegoo:

8U 1 2
E_’_(iu)z_(]? ({E,t)GRX(anO)7

u(z,0) = g(x);

3. 3mbz-033gMol gobHMmgds 0MEBHYgmo D s®ol 9gdmbgggedo:
0?u 0%u ( 0%u
dz? dy? dx dy
©0®M0bgl LoLEBMgM™ JoMMdom u =g JD-bg

)2—f, D C R?,
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0 dmmbmgbom u(x,y) sdmbbgdomos D o6gdo.
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3000BH@b-003000L ZobHmmgoo

ou
dt 2
u(z,0) = g(z).

90®306BmIomgoosbo dgdmbgggo

dogomomo4.3.1.
g(x) = |z|.
B9LEH0 dFMBOHLOO
w(z, ) = || — % . Gogs |z] >t
|z
2t
800bMYo0m 6dMbBOBLBL oggom ¢ = 10-mgol, = € (—100, 100).

u(z,t) = Omge |z <t

1
— + 5 lgrad(u)|* =0, (x,t) € R x (0,00),

39eg3900:
©ogmomo (byxd®mgdyxdol|o3MMJLodogool| gMowogdEoL 3Mo0gbE 0L
MoMEgbMoo [Lodgobo vdg|  ®MObVBOMO  |93BMJLoTo300L| V3B MJoTo300L
bm®do 00650060 fcboobo Lodgomm
be®do 33000030
bm®do
2000001 | (—200,200) 2 x 10713 5x 107 0.0041
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